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Introduction

MTH 105 - MATHEMATICS FOR MANAGEMENT SCIENCES 1 is
designed to teach you how mathematics could be used in solving
problems in the contemporary business world. Therefore, the course is
structured to expose you to the skills required in other to attain a level of
proficiency in business management.

What you will learn in this course

You will be taught the basis of mathematics required in solving problems in
business.

Course Aims

There are ten study units in the course and each unit has its objectives.
You should read the objectives of each unit and bear them in mind as
you go through the unit. In addition to the objectives of each unit, the
overall aims of this course include:

Q) To introduce you to the words and concepts in
MATHEMATICS FOR MANAGEMENT SCIENCES |

(i)  To familiarize you with the peculiar characteristics in business
mathematics.

(i)  To expose you to the need for and the demands of mathematics in
the business world.

(iv)  To prepare you for the contemporary business world.

Course Objectives
The objectives of this course are:

[ To inculcate appropriate mathematical skills required in
business

1 Educate learners on how to use mathematical Techniques in
solving problems.

1 Educate the learners on how to integrate mathematical models
in business.

Working through This Course

You have to work through all the study units in the course. There are
two modules and ten study units in all.
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Course Materials
Major components of the course are:

Course Guide

Study Units
Textbooks

CDs

Assignments File
Presentation Schedule

ok wnPE

Study Units

The breakdown of the two modules and ten study units are as follows:

Module 1

Unit 1 Mathematics and Symbolic Logic

Unit 2 Matrices and Determinants

Unit 3 Vectors and Complex Numbers

Unit4 Introduction to Straight Lines

Unit 5 Introduction to Circle

Module 2

Unit 1 Simple Sequence and Series

Unit 2 Limits

Unit 3 Differentiation and Integration

Unit4 Maximum and Minimum Points and Value
Unit 5 Linear Programming (Inequalities and Constraints)

References and Other Resources

Every unit contains a list of references and further reading. Try to get as
many as possible of those textbooks and materials listed. The textbooks
and materials are meant to deepen your knowledge of the course.

Assignment File

In this file, you will find all the details of the work you must submit to
your tutor for marking. The marks you obtain from these assignments
will count towards the final mark you obtain for this course. Further
information on assignments will be found in the Assignment File itself
and later in this Course Guide in the section on assessment.



Presentation Schedule

The Presentation Schedule included in your course materials gives you
the important dates for the completion of tutor-marked assignments and
attending tutorials. Remember, you are required to submit all your
assignments by the due date. You should guard against falling behind in
your work.

Assessment

Your assessment will be based on tutor-marked assignments (TMAS)
and a final examination which you will write at the end of the course.

Tutor Marked Assignments (TMA)

Every unit contains at least one or two assignments. You are advised to
work through all the assignments and submit them for assessment. Your
tutor will assess the assignments and select four which will constitute
the 30% of your final grade. The tutor-marked assignments may be
presented to you in a separate file. Just know that for every unit there are
some tutor-marked assignments for you. It is important you do them and
submit for assessment.

Final Examination and Grading
At the end of the course, you will write a final examination which will
constitute 70% of your final grade. In the examination which shall last

for two hours, you will be requested to answer three questions out of at
least five questions.

Course Marking Scheme

This table shows how the actual course marking is broken down.

Assessment Marks

Assignments Four assignments, best three marks of the
four count at 30% of course marks

Final Examination 70% of overall course marks

Total 100% of course marks

How to Get the Most from This Course
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In distance learning, the study units replace the university lecture. This
is one of the great advantages of distance learning; you can read and
work through specially designed study materials at your own pace, and
at a time and place that suits you best. Think of it as reading the lecture
instead of listening to the lecturer. In the same way a lecturer might give
you some reading to do, the study units tell you when to read, and which
are your text materials or set books. You are provided exercises to do at
appropriate points, just as a lecturer might give you an in-class exercise.
Each of the study units follows a common format. The first item is an
introduction to the subject matter of the unit, and how a particular unit is
integrated with the other units and the course as a whole. Next to this is
a set of learning objectives. These objectives let you know what you
should be able to do by the time you have completed the unit. These
learning objectives are meant to guide your study. The moment a unit is
finished, you must go back and check whether you have achieved the
objectives. If this is made a habit, then you will significantly improve
your chances of passing the course. The main body of the unit guides
you through the required reading from other sources. This will usually
be either from your set books or from a Reading section. The following
Is a practical strategy for working through the course. If you run into any
trouble, telephone your tutor. Remember that your tutors job is to help
you. When you need assistance, do not hesitate to call and ask your tutor
to provide it.

In addition do the following:
1. Read this Course Guide thoroughly, it is your first assignment.

2. Organise a Study Schedule. Design a ,,Course Overview* to guide
you through the Course. Note the time you are expected to spend
on each unit and how the assignments relate to the units.
Important information, e.g. details of your tutorials, and the date
of the first day of the Semester is available from the study centre.
You need to gather all the information into one place, such as
your diary or a wall calendar. Whatever method you choose to
use, you should decide on and write in your own dates and
schedule of work for each unit.

3. Once you have created your own study schedule, do everything to
stay faithful to it. The major reason that students fail is that they
get behind with their course work. If you get into difficulties with
your schedule, please, let your tutor know before it is too late for
help.

4, Turn to Unit 1, and read the introduction and the objectives for
the unit.
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Assemble the study materials. You will need your set books and
the unit you are studying at any point in time.

Work through the unit. As you work through the unit, you will
know what sources to consult for further information.

Keep in touch with your study centre. Up-to-date course
information will be continuously available there.

Well before the relevant due dates (about 4 weeks before due
dates), keep in mind that you will learn a lot by doing the
assignment carefully. They have been designed to help you meet
the objectives of the course and, therefore, will help you pass the
examination. Submit all assignments not later than the due date.

Review the objectives for each study unit to confirm that you
have achieved them. If you feel unsure about any of the
objectives, review the study materials or consult your tutor.

When you are confident that you have achieved a units
objectives, you can start on the next unit. Proceed unit by unit
through the course and try to pace your study so that you keep
yourself on schedule.

When you have submitted an assignment to your tutor for
marking, do not wait for its return before starting on the next unit.
Keep to your schedule. When the Assignment is returned, pay
particular attention to your tutor*s comments, both on the tutor-
marked assignment form and also the written comments on the
ordinary assignments.

After completing the last unit, review the course and prepare
yourself for the final examination. Check that you have achieved
the unit objectives (listed at the beginning of each unit) and the
course objectives (listed in the Course Guide).

Tutors and Tutorials

The dates, times and locations of these tutorials will be made available
to you, together with the name, telephone number and the address of
your tutor. Each assignment will be marked by your tutor. Pay close
attention to the comments your tutor might make on your assignments as
these will help in your progress. Make sure that assignments reach your
tutor on or before the due date.
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Your tutorials are important therefore try not to skip any. It is an
opportunity to meet your tutor and your fellow students. It is also an
opportunity to get the help of your tutor and discuss any difficulties
encountered on your reading.

Summary

This course would train you on the concept of multimedia, production
and utilization of it.

Wish you the best of luck as you read through this course
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MODULE 1

Unit 1 Mathematics and Symbolic Logic

Unit 2 Matrices and Determinants

Unit 3 Vectors and Complex Numbers

Unit 4 Introduction to Straight Lines

Unit5 Introduction to Circle

UNIT 1 MATHEMATICS AND SYMBOLIC
LOGIC

CONTENTS

1.0  Introduction
2.0  Objectives
3.0 Main Content
3.1 Definition
3.2  Some objectives of Symbolic Logical reasoning
3.3  Definition of Basic Logical Terms
3.4  Connectives
3.5  Tautology and Contradiction
3.6 An Argument
3.7  Algebra of Propositions
3.8  Conjunction (p>q)
3.9  Disjunction (p ( q)
3.10 Negation
3.10.1 Conditional (p [1 q)
3.10.2 Bi-conditional (p ™q)
3.10.3 Laws of Algebra of Proposition
3.10.4 Converse/Inverse and Contra-positive Statements
4.0 Conclusion
5.0 Summary
6.0  Tutor-Marked Assignment
7.0  References/Further Readings

1.0 INTRODUCTION

One important instrument for communication, but not easily mentioned
is the use of figures. Figures are major instrument used for expression,
especially where large data are involved. It makes expression very
concise in explanation and interpretation. This makes it important for us
to know how mathematical symbols and logic could be used.
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2.0 OBJECTIVES

At the end of this unit, you should be able to:
1 Solve simple problems using mathematical symbols and logic.

3.0 MAINCONTENT
3.1 Definition

Mathematics is the science of numbers and shape. It can also be applied
to some real life happening.

Example includes Arithmetic algebra (using of symbols or letters).
Symbol in this context is a letter that is made to represent a statement or
an argument.

Example, let ,,p” represent the statement “She is tall and beautiful” and
the letter ,,g" represent the statement “She is intelligent”.

Therefore p and g can be regarded as a statement also meaning “She is
tall, beautiful and intelligent.”

Hence, Logic is the science of reasoning or explaining events. In other
words, it could still be defined as the study and analysis of a
mathematical proposition as to ascertain the Truth Value of the
proposition.

The TRUTH VALUE of a proposition is termed “T if it is true and “F”
if it is false.

Example 1

Given that 2 + 3 = 4, the Truth Value of this statement is False i.e. ,,F*.
Example 2

Lagos is a cosmopolitan state.

The Truth Value of this is True ,, T

Te Truth Value Table can be used to depict or analyze the Truth Value
of any mathematical statement.

Example 3

Find the Truth Table of p 59, meaning (p and q).

p Q p3q
T T T
T F F
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Meaning, “if p is true, q is true; then p and g must be true”. Also, “if p
is true, q is false; then p and q must be false”.
This shall be expansible in this further study.

3.1 Some Objectives of Symbolic Logic Reasoning

1. Logical reasoning could be used to ascertain or analyze
complicated business argument.

2. It could be used to decode equivalent, negation or contradictory
propositions.

3. It could be used to analyze a statement.

4, It could be used to form composite statements from simple ones
using logical connectives.

5. It could be used to ascertain the Truth Value of a statement.

3.2  Definition of Basic Logical Terms

A statement or (proposition) in the context of logic is a declarative
sentences or an expression of words which are either true or false, but
cannot assume both.

3.3 Types of Statement

There are two types of statements: simple and composite (compound)
statements respectively.

Example of Simple Statement

Mr. Alakija is the H.O.D
| am an undergraduate
Rose flower is red
2+5=4

Accra is in Nigeria

SARE R A

The proposition/statement/ascertain (1 — 5) above are simple ones and
can either be true or false.

However, a composite statement is the use of connectives to combine
two or more simple statements to form just one.
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Example of Composite Statements

1. Mr. Alakija is the H.O.D and | am an undergraduate
2. Accrais in Nigeria impliesthat2 +5=4

The Truth Value of a composite statement is determined by the Truth
Value of each of the simple statements and the way they are connected.

3.4 Connectives
These are expressions; phrases or symbols that are made used of, to join
(combine) two or more simple statements together in order to form a
composite statement.

Examples of connectives used in logic are:

Name Meaning Symbol
I. Conjunction “and” EY
il Disjunction “OR” (
ii. Negation “NOT” ~
2 Conditional “If .... Implies that” TJor®
V. Bi — implication “if and only if” ™

Other connectives could be used but must be defined properly.

3.5 Tautology and Contradiction

The negation of contradiction is a tautology, while the negation of
tautology is a contradiction.

3.6 An Argument

It is said to be formed when the conjunction of a set of simple
mathematical statements gives rise to another mathematical statement
(conclusion).

An argument may be valid or invalid.
If the conclusion derives its support from its support from its premises,
the argument is said to be valid, otherwise invalid.

Example 1
Let p: Lagos is in Nigeria

q: Nigeria is in West Africa
r: It means that Lagos is in West Africa.
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The above argument is valid i.e. r derives its supports from p and q
respectively.

3.7 Algebra of Propositions
Any logical statement can be represented by the letter p, g, r...

The fundamental property of a logical statement is that it is either true or
false but not both.

3.8 Conjunction (p>q)

p > q represent the conjunction of p and g by ,and".
Example 2

Let p be “It is sunning” and q be “The day is windy”.
Then p > g means “it is sunning and the day is windy”.

Recall the symbol (3) represents intersection of two sets.

p)g={x/xp> x q}

The Truth Value of the composite statement p ) q satisfies the
following property.

If p istrue and q is true, then p ) q is true; otherwise p ) q is false.
Example 3

Consider the following four propositions

I. Garri is from cassavaand 5 +2 =3

il Garriisfromyamand5+2 =7

iii.  Garriisfromyamand5+2=6

Iv. Garri is from cassavaand 5 +2 =7

Considering the statements (i) to (iv), only proposition (iv) is true, and
(1), (i), (iii) are false because in each case, one of the simple statement is

false.

The above proposition can be written in tabular form thus:
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Statements P a | (p)a)
i) T F F
i) F T F
i) F F F
iv) T T T
Remark

This is the exact order the statement above follows, but in the final
presentation, the Truth Value Table must be formulated considering
Truth first before False.

Please see the acceptable way below:

Statements P a | (p)a)
iv) T T T
) T | F | F
i) F [ T | F
i) F F F

3.9 Disjunction (p (q)

Any two statements can be combined by the word “or” ((), to form
another statement. The disjunction of p and q is denoted by p ( g.

Example 4
Let p be “It is raining” and g be “The weather is cold”.
Then, p (q means that “It is raining or the weather is cold”.

The symbol (() can be used to define union of two sets.
Thus:p*q= {x/x p(x q}

Note that, the (p ( q) satisfies the following property;
If p is true or g is true or both p and q are true, then (p ( q) is true:
otherwise (p ( ) is false.

Hence, consider the Truth Table below:
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p q | (p*a)

T T T

T F F

F T T

F F F
Example 5

Consider the following four statements:
. Garri is from cassavaor5+2 =4
il Garriisfromyamor5+2=7

ii.  Garriis fromcassavaor5+2=7
Iv. Garriisfromyamor5+2=6

Only (iv) is false, every other proposition is true; since at least one of the
propositions is true.

3.10 Negation

If (p) is a given proposition, its negation is denoted by (~ p) meaning it
Is not (p), or it is false that (p).

Example 6

Let (p) be Garri is from yam; therefore (~ p) means, “It is false that
Garri is from yam”.

Then, the Truth Value of the negation of statement satisfies the property.
If (p) is true, (~ p) is false.

Consider the Truth Value of negation below:

P [ (~p)
T F
F T
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Further Examples

If (p) is the statement 5 + 2 = 6, then (~ p) is the statement5+2 6
3.10.1 Conditional (p1q)

Conditional statement is of the form “if p then q”
Moreso, (p [ q) can also be read as:

I. p implies w

il p is sufficient for q

I. g is necessary for p

Iv. ponlyifq

V. gifpor

Vi. if pthenqor

vii. g follows from p or (p [] g)satisfies the following property:

The conditional (p [J q) is true unless (p) is true and (q) is false.

In other words, a true statement cannot imply a false statement.
His can be stated in tabular form, thus:

p a | (pa)

T T T

T F F

F T T

F F F
Example 7

Consider the following statements:

I IF Garri is from cassavathen5+2 =6
ii. If Garri is from Yamthen5+2=7
iii. If Garri is from cassavathen5+2 =7
Iv. If Garri is fromyamthen5+2=7

Here, only (i) is false, because true statement cannot imply false
statement, Garri is from cassava is true, 5 + 2 =6: while all other
statements are true.
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3.10.2 Bi-conditional (p ™ q)

Consider the statement of the form “p if and only if g” or (p if g) and can
be denoted by (p ™ q).

(p ™ q) satisfies the following property:
If (p) and (q) have the same Truth Value, then (p ™ q) is true.
If (p) and (q) have opposite Truth Value, then (p ™ q) is false.

Consider the True value of Bi-conditional statement

p Q | (p™q)
T T T
T F F
F T F
F F T

Example 8

Consider the following statements:

. Garri is from cassavaif andonly if 5+2 =6
ii. Garriis fromyamifandonlyif 5+2 =7

ii.  Garriis fromcassavaifandonlyif5+2=7
iv.  Garriisfromyamifandonlyif5+2=7

Hence, statements (iii) and (iv) are true and statements (i) and (ii) are
false.

3.10.3  Laws of Algebra of Proposition

Idempototent Laws

1. (@ (pa2ag)=p (b) (p(a)=p

The intersection or the union of two similar sets is the same set.

Associate Laws

2. @@(g)(r=p(@cr) (b)(p>09)> r=p> (@)
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Commutative Laws

3. @((P>0)=(p) (b) (p (q) = (a(p)

Distributive Laws

4. @p>3(a(N=(p>a)((Pr)
(b)p ((g> r)=(p(a)>(p(r)

Identity Laws

5. @ (P>T)=P b)(P>F)=F
©(P(F)=P dPm)=T

Complement Laws

6. (3 (P>~P)=F b) (<T)=F, (-F) =T
@ P(-T)=T (d) (-P)=P

De Morgan®s Laws

7. @~PE>39=0-p(~q) ((b)~@E(q)=(p>~q)

Example 1.1

Given the following statements:

Let p be “The goods are standard” and g be “The goods are expensive”.

Write a proposition, which describes each of the following statements:

(p>a)
(p(q)
(<<q)
(p0)
(~p>~0)
~(~p>-0)

ok whE

Solution

1. (p > q) Reads “The goods are standard and The goods are
expensive”

10
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2. (p ( q) Reads “The goods are standard or The goods are
expensive”

3. (~~ q) Reads “It is not false that the goods are expensive”

4. (p [ g) Reads “The goods are standard if and only if the goods
are expensive”

5. ~ (~ p > ~ q) Reads “It is not true that the goods are standard or
the goods are expensive”

6. ~(~p>~q)lsequivalentto (p (q)

Example 1.2

Let (p) be “she is tall” and (q) be “She is dark”

Write each of the following statements in symbolic form using p and g:

a) “She is tall and dark”

b) “She is tall or dark”

C) “She is neither tall nor dark”

d) “It is false that she is tall or dark”
e) “She is tall or she is short and dark”
f) “She is tall but not dark”
Solution

a)  (p>0q)

b)  (p(a)

)  (<p>~a)=~(p(0q)

d (p(a)

e)  p((~p>0q)

) (p>~0)

Example 1.3

Use the Truth Value Table to express the following statements:

a)
b)

(P>09)L(p(a)

p( ~(p>0)

11
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Solution
a)  (p>9)(p(q)
P Q |[(p>0q) P(a) |PE>9)Z@ECa)
T T T T T
T F F T F
F T F T T
F F F F F
b) p(~(P>0)
p q [(>9) | ~@EC9) pP( ~(p>30q)
T T T F T
T F F T T
F T F T T
F F F T T
Example 1.4

By using the Truth Value Table, prove the following:

a. (p(g)>(p(r)= p( (g>r)=, Distributive Law b.

(~ (p(~qg)=~ (p>~q), De Morgan*s Law

Solution

a.(p(a)>(p(=p(@Q>r)
(pCa) | (p(N)

12

p

Q

T

(P(a)>(p>a) [ (@>r)

p( (@>r1)

S Rl B Bl B B

T

|| n|=|n| ||

aa] Rl B B BT ] B B

na] BT o] B BT ] BT B

|| m|=|=] ||
T4

|| ||| ===

—l
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Therefore, its clearly from the table that (p(q) > (p>9) =p( (g o).
b.  (~(P(~0a)=~(p>~0)

p| Q | ¢p) | |@(~a) | (p3a) | ~(@>r)

il el b
T T
—[H|m|m
=TT
T|m|T-

=[]
= (][]

Also, it can be seen that (~ (p(~q) =~ (p3~0q)
Example 1.5

Use the Truth Value Table to show that (~~q) = (p)

Solution
(~~a) = (p)
Q [(ka) | ()
T F T
F T F

t f

Therefore, (~~q) = (p) as shown above.

10.1.4 Converse/lnverse and Contra-Positive Statements

If p [J g is a conditional statement, then (if g then p) is called the
converse statement of the conditional statement.

Example 1.6

Let p be the statement “2 + 2 = 5” and, q be the statement “Abuja is in
UK”

Then p impliesq, i.e.pJq,i.e. 2+ 2=5implies that Abuja is in U.K.
The converse is that Abuja is in U.K. then 2 + 2 =5.

Example 1.7

13
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Let p be the statement “It is born again” and, q be the statement “He can
see the kingdom of God
Then, (~ p) Is “He is not born again”
(~ q) Is “He cannot see the kingdom of God”.
4 ~ ) ~ pis called the contra-positive of p [ g.

He cannot see the kingdom of God implies that he is not born again.
Where ~p [1~qistheinverseof p[iq.

He is born again implies that He can see the kingdom of God.

4.0 CONCLUSION

In conclusion, Logic as science of reasoning has been thoroughly dealt
with in this section. However, some real life happenings have been
demonstrated in the examples and even in the summary below.

5.0 SUMMARY

Consider proposition p and g respectively.

The converseof pligandqisqllp

The inverseof pliqis~pll~q

While, the contra-positiveof piqis~qll~p

The Truth Table of the above propositions, converse, inverse and contra-
positive are show below:

Pt afl~-pP|~9 |ptdqg |[~pl~q |~ql~p qlip
T T F F T T T T
T| F F T F T F T
FI T T F T F T F
F| F T T T T T T

The analysis of the table above is:

pllga~qll~p, Contra-positive p

1ga~plLl~q, Inverse.

Where, the symbol . means “Logical Equivalence”.

6.0 TUTOR-MARKED ASSIGNMENT

1. Let the following statements be defined as stated below:

(p) be “3 is greater than 2”, and (q) be “The sum of 2 and 6 is

30”.

14
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Give the verbal expression of the following:

I. P> ii. pliq .  (p(q)piv.
(pP(~aq) v. (~p>~q) vi. (pLi~0)
2. Give the contra-positive statement of p [ g above in symbols
and words.
3. Verify that implication and its contra-positive are equivalent.
4. Is the following argument valid?
“If the temperature is set for 20°C, the chemical will not explode.
The temperature is set for 20°C; therefore the chemical did not
explode.
5. Let the connective (A) be defined as follows:
Q PAQ
T T T
T F F
F T F
F F T
Construct the Truth Value Table for the
following:
. pPA(pLIq) ii.  (pAg)Aq i (pAg)Tip

iv.  (pAQ)A(pl Q) V. (PA ~p)
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1.0 INTRODUCTION

Matrix algebra is a mathematical model which allows the enumeration,
display, manipulation and processing of both small and large volumes of
vectors (numbers in this context) easily; in order to achieve a desired
result.

2.0 OBJECTIVES

At the end of this unit, you should be able to solve physical problem via

matrix algebra as a mathematical model.

3.0

3.1

16
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A matrix is a rectangular array of numbers with reference to specific
rules governing the array. The rule can be mathematically expressed.

Thus, let the entries or numbers be denoted by a; Where i infers row
arrangement i.e. [] and j infers column arrangement i.e. [

Example 1
ayy a;, R row 1
dij = |a,, a,, 8, |—» Trow 2
» Tow3
baﬂ a32 a33

| 1]

Column 1,2, 3

I represent elements in the row while j represent elements in the column
for better understanding of the row-column concept, let the elements of
the

i row and j™ column of matrix be A be aiji.e.
a;; means row 1, column 1;

a;, means row 1, column 2;

a3 means row 1, column 3;

a1 means row 2, column 1;

ax» means row 2, column 2;

ay3 means row 2, column 3;

as; means row 3, column 1;

as» means row 3, column 2; and

asz means row 3, column 3;

By now, the row-column concept should be clearer.

17
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The dimension of a matrix is the size of the matrix, which is denoted by,
(m x n) called m by n matrix, where m is the number of rows and n is the
number of columns.

Example 2
1 2 5 o .
1. , Thisis a2 by 3 matrix i.e. 2 rows, and 3 columns
EB 4 6]
2]
2. ||3 4 |, This is a 3 by 2 matrix i.e. 3 rows, and 2 columns
s ]

3.2 Square Matrix

Any matrix, which has the same number of rows and columns, is called
““a square matrix”.

Example 3

2 3 4]
|5 6 7 |, The dimension of this matrix is 3 by 3 or (3 x 3) i.e. 3

8 9 10
rows, and 3 columns

33— Typesof- Matiix

I. Zero /Null / Void Matrix: Any matrix of dimension (m x n) with
all its elements equal to zero.

0 O
E.g. ): T|is a (2 x 2) Null Matrix.
0 0]

il Identify Matrix: this is a matrix in which all its diagonal
elements are one (1), where all other elements are zero.

100
1 0 L0 0]
E.g. io 1—\ is a (2 x 2) Identity Matrix, |0 10 | isa(3x3)
| o o 1
Identity Matrix.

18
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iii.  Diagonal Matrix: This is a matrix that has elements only on its
diagonal.

15 001

il o] |
E.Q. isa (2 x 2) diagonal matrix, 10 2 0 isa(3X
g EO 2! ( ) diag | J (

L o 3
0
3) diagonal matrix.

Iv.  Transpose of a Matrix: The transpose of a matrix is the inter-
changing of its row with the column.
Let matrix A be (m x n), then matrix AT is (n x m) called “the transpose

. kb2 ;13
of A”. E.g.A-E3 jjA = |[2 4—ij

row 1 of A=columnlof AT.

row 2 of A = column 2 of A",

V. Symmetric Matrix: This is a matrix in which its transpose is
equal to itself.

ie.ifA=AT eg=A= g “jj AT= |LD23 ﬂj

Vi. Idempotent Matrix: Let A be a matrix, A is said to be
Idempotent if A = A ? e.g. Identify Matrix.

vii.  Upper Triangular Matrix: Let A be a square matrix where the
element aij =0. Fori>j, then Ais called “An Upper

%1 2 3]
Triangular Matrix” e.g. |0 4 5 } a,. = 0, Fori>j.
o 0 6

a212331:a32:0i.e.
2>1, 3>1and3>2.

3.4 Equality of Matrix

Two matrices are said to be equal if their corresponding elements are the
same.

19
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el

A=B. Ifandonlyifa=e,b=f, c=g,d=h, corresponding elements.

eg. A=

Example 4

b 3
Find the value of 22+ 3b if ° "ﬂ _ | 7|

19 19

Solution

Comparing the two matrices to be equal.
It meansthata=3,b=0;
Corresponding elements.

4 2a+3b=2(3)+3(0)=6+0=6
3.5 Algebraof Matrices

Two or more matrices can be added or subtracted if they are of same
dimension.

Similarly,
b h
A-B éa g —||
c d f
e
Example 5
4 5 6 1 6] .
LetA= ,B= |F|ndA+BandA—B.
57 8 9 &2 1 4]

20
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Solution

A+B_L4+1 5 + 0 6 + 6| (5 5 12
l7 02 8411 9+ 4/ l99 13

A_B= 14 1 5 6—|: 13 5 0]
lz 2 & 1 o 47575

3.6  Scalar Multiplication of Matrices

. la Db]
Let k be a scalar quantity and A = EC d]

4 The product of k and A denoted by kA is:

b ka
A=k la 1_ | kal
rc ke kd
TR
Example 6

) 2 4 7 8 1 1 1 1]
leenthatA:E1 0 d = |

, an
2 3] 2 2 2
2
Find (i)3A+2B (i) 4A-7B
Solution
_ 7 8] 1 1 1 17
I 3A+2B=3 |+ 2| |
El 0 2 3] 2 2 2
12
16 12 21 24] +L2 2 2 2]
Es 0 6 9J| 4 4 4 4]
e+ 2 12 + 2 21 + 2 24+2—\
_53+4 0 + 4 6 + 4 9 + 4]

21
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18 14 23 26]
7 4 10 13]

2 4 7 8 1111
ii. 4A-7B:4£1 ! 7L |

0 2 3J| 2 2 2J|
2
_ 18 16 28 3R] 7 7 7 7—’
&4 0O 8 12 514 14 14 14

_ 8 7 16 7 28 7 32 7
"l 1w 0 1 s 14 12 14

L 1 9 21 25]
10 14 6 ﬁj

3.6.1 Multiplication of Matrix

For Multiplication of two matrices to be possible, they must be
conformable i.e. matrices A and B are conformable if the column of A
has the same dimension as the row of B.

Note that AB  BA.
1 2 3 :

LetA= ® (2 x 3) matrix.
E4 5 6]

1 2
B= ||3 4| ® (3 x2) matrix.

5 6
The column of A=3,therowof B=3

4 Matrices A and B are said to be conformable and can be multiplied
by one another.

For better understanding of multiplication of two matrices:

X X
Let A= % 11 12} and B = |Ly11 y12:|

(X o X 32 Y 2 Yo
22
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Also, let AB = C another matrix;

C — ilZle ZlZ:l

21 Z22

Since A and B are conformable,

4 AB - C ® gzll X12:| Ly].]. y12:| — Lzll 212:|
21 X 22 21 y 22 & 21 z 22

® 711 = X11Y11 + X12Y21

® Z15 = X11Y12 + X22Yo2

® 751 = Xo1Y11 + X22Y21

® Zp = Xo1Y12 + X22Y22

We can say generally that: zj;= X;yij + Xi2Yzj + ... + XikYkj
Example 7
: 1 2 3] .
Given that A = | ® (2 x 3) matrix,
54 5 6]
1 2
B= \3 4 | ® (3 x2) matrix.
5 6
Find (i) AB (ii) BA.
Solution
1 2
: 1 2 3]
I. AB = | |3 4
la 56
- 15 6

_ Hax )i+ {2x3)i+{(x5))  {1x2)j+1{(2x 4)j+1{(3x 6)”
HaxD}+ {Ex )+ {6x5)  {(x 2+ {6x 4+ {6x6) )

_ [@+6+15) (2+8+18)] 122 28}

= 4+15430) (8+20+36) ® (2 2) matrix.

B |[49 64 ']
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1 2
L 1 2 3]
I BA= |34 |
456 |
5
all a12 a13 —|
LetBA= |a,, a,, a,,
ka?}l a32 a33

a;1= (Ix1) + (1x4) =1+4 =5
a;o= (1x2) + (2x5) = 2+10=12
a13= (1x3) + (2x6) =3+12 =15
= (3x1) + (4x4) =3+16 =19
= (3x2) + (4x5) = 6+20 = 26
3= (3x3) + (4x6) =9+24 =31
a3;= (5x1) + (6x4) =5+24 =29
az= (5%x2) + (6x5) = 10+30 =40
as3= (5x3) + (6x6) = 15+6 =51

5 12 15]
BA = |19 26 31 | ® (3 x3) matrix.
2 40 51 J
9

3.7 Determinant of A Matrix

To find the determinant of a matrix, the matrix must be a square matrix.

1. Consider a (2x2) square matrix A, the determinant of A denoted
by det A.
La b‘| all a12
Let:% |OrA=1a, a,
c c] )
Hﬂcal ds; J

det |A| | = ad—cb OrdetA= |A = ana - anax

Example 8

Find the determinant of the following matrices:

Az 1 2] 12 -4}

£34 :|D5 6
| |
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Solution

2 L el
A= 53 4—‘J®detA— AE@1x4)-(3x2)=4-6=-2

2 -4
B= L 1®detB: |3|:(2x6)+(5x4):12+20:32
's 6
2. Also, consider a (3x3) square matrix A.
Lall a‘12 al3—|
LetA= |a,, a, a,
basl a32 a33

Assign +ve and —ve sign to the entries in the rows and columns and pick

aj1, - app and a3 as co-factor i.e.

a a a a a a
+ay 22 23 -y 21 2l and + as 21 22
dg; 8y dg; s a1 Ay
a a a a a a
® det A = P‘|: +ay 22 23 -ay 21 2% and + a3 21 22
CEP 33 dz; Ay a1 g

= 11(822833 — 821822) — A12(A21833 — Az1823) T+ Ar3(A21832 — A31822)

Example 9
}1 2 3]
Find the det A, giventhatA= 3 2 1 ||
Ll 3 2
Solution

+ - +
|La11 a12 al3—’

LetA= e a asz

baSI a32 a33

=14 3) 26 1) +3(9 2) =1(1) 2(65)+3(7)=1-10+21=22

11 B 1 B2
RNTE TS

3
1 2 1 3
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Another method can be used to evaluate the determinant of (3 x 3)
square matrix A:

|Lall a12 a13]
Suppose a = 18 8 aZSJ, columns 1 and 2 can be repeated thus:
Eaﬂ a32 a33

L @ 3@ 6 6

a11 a‘12 a13 a‘11 alZ
® a, a, a, a, a,TlhisisSARUSCHART

a31 a32 a33 a31 a‘32

Hence, det A= |A| = [(1) + (2) + (3)] - [(4) + (5) + (6)]
[(a11820833) + (A12823831) + (B13321833)] - [(Bs1820813) + (Bz2@2s811) +
(a33a21312)]

Considering the example 9 above:

@) @ @@ 6) 6

@123 12312
A= 3 2 1] 13 213 2
3 2l 13212

® Al=[1)+@+E]-[@+©) + @]

=[(1x2x2)+(2x1x1)+(Bx3x3)]-[(1x2x3)+(Bx1x1)+
(2x3x2)]

= [(4)+ () + @7)] - [(6) + (3) + (12)] =33 - 21 =12

You can see that the answers are the same.

3.7.1 Singularity in Matrix

A matrix is said to be singular if the determinant is equal to zero.

Example 10

13
Given that tk 4 ] Is a singular matrix. Find k
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Solution

For a matrix to be singular, it“s determinant equal to zero.
4(1x4)-3k=0®4-3k=0®3k=4®k= 4 3
Example 11

2 0 11
Given that A = ||k 2 3 E Find k for A to be singular.

2 1 4|
Solution
For A to be singular, det A = 0.

4 AE2 2 3o \ 3+1k 2—0®2(8 3) -0(4k - 6) +1(k-4)=0
o4 2 o4 T2 o1 -

®2(5)-0+k—-4=0®10+k-4=0®6+k=0®k = -6.
3.7.2 Application of Determinant

It could be used to solve linear equations.

Consider the system of two linear equations.

Where a,,a,,b,,b,,c,,c, are constants?
This can be stated in matrix form thus:

2, 6,0 _ lc,]
Eaz bzh Eyu |[C2J

We are interested in finding the values of x and y.
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Using Cramer*s rule, we have:

lc, b, \

= |G| o (bo cb) o (e 8] (ca ca)

a, b,| (ab ab) |
ZbZJ 2 ZJ

Example 12
Use Cramer*s rule to solve the following:

. X+2y=3 ii. 2X+3y =1
3X+4y =1 5x+6y=0

Solution

I. X+2y=3
3X+4y=1

It can be written in matrix form, thus:

i’» TJ m ) 'Lﬂj

3 2
_ |1 4] _(3x4) (Ix2) _12 2 _10
4Xx= = = =—=5
1 2| (1x4) (3x2) 4 6 2
I3 4
13
- 3 1|_(Ix1) (3x3)_1 9 8
larl = = = =— =4
Similarly 'y E1 2] (1x4) (3x2) 4 6 2
3 4

4x= 5 and y=4.

Let us cross-check by substituting x and y into the given equation:
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X+2y=3® 5+(4)= 5+8=3

il 2X+3y =1
S5x+6y=0

In matrix form:

2 3] x| _|1]

Is 6)ly)™ Lo
1 3
= S = g " B 2
s 6
}2 1
ooy -8
5 6

5
4x= 2 and y= =
Y 3
Cross checking by substituting x and y into the given equation:

2X+3y=1® 2( 2)+3(5?: 4+5=1.

Cramer*srule can be extended to systems of three equations with three
unknowns.

Consider the system of three equations:

a, X+a,y+a,,z=c,a
,X+a,y+a,z=c,a
X+a,y+az=c,

These can be written as in matrix form:
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Let the determinantof |a,, a,, a,

Replacing column 1 by |c

2|:

C, a @, d,, Ay C, ay C, ay
C 32 a Cla a alZ C a a'13 C a
33
® X = 3 - 32 33 3 33 3 32
d
Replacing column 2 by IC. |-
e,
11 Cl al
a, G a, 22 Ay 21 Q4 a1 G
a c a ayy C: +4ais
®y-= 31 3 33| _ 32 Qgg 31 dg, 31 3
Cl
Replacing column 3 by c, k
£C3
all a12 C1
a 21 a 22 C2 a‘22 CZ a21 CZ a‘21 a‘22
all a12 +Cl
® 7= a31 a32 C3 - a 32 CB a 31 CS a3l a32
Example 13
X+2y+3z=1
3X+2y+z=4
X+3y+2z=0
Solution
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Writing the above equation in matrix form:

2
s ofle) Lo
1 2 3
3 2 1= =12
1 3 2
1 2 3
4 2 1 2 1 4 1 4 2
s 103 2 ;\3 2‘ %O ZHO 3‘:1(1) 28) +3(12)
12 12 12
7
ST
1
3 4 1 4 1 31 3 4
sy L0 2 :]~0 2‘ ]~1 2‘”‘1 0‘:1(8) 165)+3( 4
12 12 12
_ 9
TRy
1 2 1
3 2 4 2 3 4 3 2
L, L 30 ;\3 j 41 (Hl 3L1< 12) 2( 4)+1(7)
12 12 12
31
12 4

7 3 1
Consequently, x=—,y=—andz==.
a y 4 y 4 4

Cross-checking by substituting X, y and z into equation (3)

7 3 1 7 9 2 9 9
X+3y+22=0® —+3 +2(9® — + ® — —=0.
y 4 ( ? (Z) 4 4 4 4 4
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3.7.3 Matrix Inversion

Cofactor Matrix: It is defined to be the matrix obtained by replacing
every number a, of the given matrix A by its cofactor in the

determinant of A.

}1 2 3}
LetA:|4 5 01, then the cofactor of matrix A is the matrix:
F2 1 4J

4045}

2421|
|L20 16 6

2 13 1 2
=| 5 2 3

1 2 4 P2 1
| 12 3

|‘23 13‘12‘|

I's o 4045

Adjoint of a Matrix: Let A be a matrix and let C be its cofactor matrix,

then the transpose CT of C is called the Adjoint of A or Adj A.

Thus, from the above example:

Hzo 5 15]
AdjA=| 16 2 12 ||
L6 3 3

Thus, we state an important result for matrix A, i.e.

A (Adj A) = (Adj A) A= |A|l.

The inverse of matrix A is given as: Al= |1—|Adj A
A
Example 14
Find the inverse of the following matrices:
&1 2 3] }1 2 1]
a) A:|4 5 0|| byB= 2 3 2||
2 1 4 322
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Solution
1 2 3]

a) A= |4 5 0 | is a (3 x 3) square matrix.
EZ 1 4

5 0 40
AR
14 2 4

5 _
+3ﬁ 1‘ =1(20 - 0) -2(16 — 0) +3(4 -10) =-30 0

The cofactor matrix of A is:

5 4045}
1 2 4 1 !
| l2o 1 6
2 313 [ 2
1412 4 21||:5 2 3
| 2 3
2 13‘12‘|
L o b ous
5
)20 5 15]
4AdjA= | 16 212||
Eas 3
| 20 5151}_3 16 _g|
4A1:iAde——4‘16 212||:|_8 ‘
Al 30 | 15 5|
15 e 3 3]
(11 1]
15 10 10
}121—|
b B=2 3 2|
Fszz

3 2

32 122 |23 _
||3|=]{2 2‘ %3 2+1‘ ‘—1(16-4)-2(4—6)+1(4-9)—1 0
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The cofactor matrix of B is:
3 2
2 2
2
2

I

2 2l 2 3 |
3 213 2
11 @ 2

:214|
320 B 2

1 0 1

1
2

ina
2| |2

:

| 2 2 1]
The Adjoint of B is I 2 1 0 ||
b5 4 1]

L2 2 1 L2 2 1
S S _
4B—|Ef«ij—1|2 1 0|— 2 1 0
5

s 4 1 J

We can also get the solution of equations using the inverse.

4

Suppose, we have a matrix equation A X = B.
IfATAX=A"B

® | X = A™ B where | is unit matrix

® A" B,

Example 15

Solve the equations

Xx+3y+3z=1

X+4y+3z2=2

X+3y+4z=3

Solution

In matrix form, we have:
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FRE

1Y
4|bz] h3]
|A|=Jg j %1 j‘#i g‘:1(16-9)-3(4—3)+3(3-4):1 0

The cofactor matrix of A is:

4 3 1 3 4}
3 1 4 3 |
|

1
3 1 4
1
3 1 3 3 ’
RETIY
4
| 7 1 1
TheAdJomtofAls|| 3 1 01
F1 o0 1

x]1 7 1 1]l(1] L7(1) 3(2) 3(3P7
n ||:\ 3 OH \ 1) +1(2) +0(3)
|

y
Hooo 0 1]I3 +0(2) +1(3)
7 6 9] [ 8]
=| 1 +2 +O||:||1||
1 +0 + kZJ
3

Example 6
35
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To control a crop disease, it is necessary to use 8units of chemical A,
14units of chemical B and 13units of chemical C.
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One barrel of spray P contains 1unit of A, 2units of B and 3units of C.
One barrel of spray Q contains 2unit of A, 32units of B and 2units of C.
One barrel of spray R contains 1unit of A, 2units of B and 2units of C.

Find how many barrels of each type of spray will be used to just meet
the requirements.

Solution
P R
P QRT g
. . |l 2 1 |
The matrix of the problem is: y'= 14
2 3 2||b| |b |
z 13
[|3 2 J

ZJ
Where X, y, z are the number of barrels (to be used) of spray P, Q, R
respectively.

3 21 2 2
A

+1

3 20 3 2

2 3‘ _
=1(6-4)-2(4-6)+1(4-9) =1 0

The cofactor matrix of A is:

32 2 2P 3 ]
2.2 (323 2 |
L2 2 5
2 11 1 2
:214|
2 320 B 2
1 0 1
24 pop ‘
32 22 P
| 2 1
TheAdjointofAis\Z 1 0
L's 4 1

Thus, the matrix equation becomes:
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x] (2 2 1718 (20 2(14) +1(13) |

y‘:—JZ 1 0||||14||:||2(8) 1(14) +0(13)||
bz| b5 4 113 | 58 +4@14)  1(13) |

16 28 +13—‘ *f!
16 14 +0 T 2|

|
L 40 + 56 13

3]

® We need 1 barrel of spray P, 2 barrels of spray Q and 3 barrels of
spray R to meet the requirement.

Example 17

In a market survey, three commodities A, B, C were considered. In
finding out the index number, some fixed weights were assigned to three
varieties in each of the commodities.  The table below provides the
information regarding the consumption of three commodities according
to three varieties and also the total weight received by the commaodity:

Commodity Variety Total
I I Il weight
A 1 2 3 11
B 2 4 5 21
C 3 5 6 27

Find the weights assigned to the three varieties by using matrix —inverse
method, given that the weights assigned to commodities are equal to the
sum of weights of the various varieties multiplied by the corresponding
consumption.

Solution

Let X, y, z be the weights assigned to A, B, C respectively.

We have:

X+2y+3z=11
38
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2Xx+4y+5z2=21
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X+2y+3z=11

In matrix form:

24|l

35 6)lz) la7)

A 4

The cofactor matrix of A is:
4 2 5 |2 41
5 3 6/ 3 5 |

| 1 3 2
2 1 3 1 2

={3 3 1
5 3 6 B 5]

E1EIFT

2 4 _
+%3 5‘ = 1(24 - 25)-2(12 -15 + 3(10-12) =-1 0

2
Thus:
| 1 3 2]
4 Adj A = ||3 3 1||
b2 1 0]
L1 3 2] 1 3 2]
Al ] |
A 1L21 0|J |ﬁ2 1 0|
[x] 11] |1 3 2]11] (112 63 +54 ] (2]
®|y|=A-1|21|=|| 3 3 1 = | 3 +63 273|: 3|

‘|||21 o ]

® x =2,y =3,z =1 are the required weights assigned to A, B, C.

Example 18

Given the following equations for two related markets (A) and (B). Find
the equilibrium conditions for each market. Also find the equilibrium
price for each market.
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X4 (A) =82 — SPA + PB X4 (B) =02 + 2PA - 4PB
X; (A) = -5 + 15P, X; (A) = -6 + 32P5

Where x4 and xs; denote quantity demanded and quantity supplied
respectively.

Solution
Equilibrium is supply and demand occurs when X = X4
4 For market (A):

82—-3Pp+Pg= 82—3Pp+Pg® 18Pp-Pg=87 .cccevviviiinnnn (1)
4 For market (B):

92 + 2PA - 4PB =-6 +32PA ® 36PA - 2PB =08 (2)

4 Solving equations (1) and (2) will give us the equilibrium price for
each market:

) |18 1 LP,J 187
In matrix form, we have: E > 36 EP J:| 9 J®AX:B
B ]

Thus:
|A| = (18 x 36) — {(-1) x (-2)} = (648 — 2) = 646

The cofactor matrix of A is:

b(n 185 b1 oas)

. 136 1
AUA= T, 1g

}36 (2)1 136 2]
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% 1] |L36 1 1 |L18 1 ]
ANt = ﬁ Adj = % 7 1) || 645 648 || |323 645
1646 646 5323 323 |
18 1 18 1kt ) L3230
- | X 87 |+ X 98
® X = |&323 6496]@;]_ PLB? < %6‘;6 <| - \646 1
|53_23 323 = x 87}*&@ x 98}_ 5323J|

_ 5]
Is]
® P, =5 Pg = 3 are the equilibrium prices for each market.

3.8 Theorem

A necessary and sufficient condition for a matrix (square) A to be
invertible is that |A| 0

Proof
Suppose A is an invertible matrix and suppose B is its inverse.

Then, AB =1

® AB[= ||
® Al B|=1
® Al 0

Thus, necessity follows.

Sufficiency; Let |A| 0

Take B = 1 Adj A

A

Thus: AB:(1

A

Adj A)

Adj A)

IN
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Al 1=1

IN

Again

AB= (L AdjA) A

IN

A= [(IAI Adj A)]

A=t A=t

A

Hence, B is the inverse of A and the assertion follows.

40 CONCLUSION

In conclusion, matrix algebra forms the basis of various techniques
used in solving cumbersome business and technical related situations.
As mentioned earlier, it is mostly used in handling small and large
volumes of events (vectors) that cannot yield to other known
mathematical methods.

50 SUMMARY
Basic definitions, examples and various applications of matrix

algebra were discussed. And tutor- marked assignments were given
below for further reading.

6.0 TUTOR-MARKED ASSIGNMENT

12 3 11 14 2 1]
1. Given the matrices A = 7 9|, |0 1 1|
L‘l 0 4 16 3 1J

1
Evaluate (i) 3A-2B (i) 4A 3B
2

2. Giventhat: A= EZ ﬂjand | = |L1O gj
O

Evaluate i) AB (i) BA
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. 1 2 11 0]
3. Given that: A = | | = | K
g2l ] T oa
]
Evaluate (i) A?—2A + 4l (i) A*-3A+3l

}2 1 8 }1 1 1]
4, Given the matrices A = |4 2 0| andB= 21

6 7 8 ﬂ943J|
1

Evaluate (i) A'B' (i) (AB)

_ _ [2k+1 5] .
5. Find what value of k would the matrix 5 4 6h be singular

123
6. IfA:||3 1 2|, showthat A*A =1
F1 23
7. Use Cramer*s rule to solve the following systems of two and

three equations:

(i) X+2y=5 (i) 5x+9y=16
2X+3y=2 12x+y =11
(i) -x+y+3z=-1 (iv) x+2y-6z=2
2X+3y—-2=2 4y+3z =1
X+2y—z2=4 2X+y+z=1
}3 5 1]
8. If |0 4 k|:90,findthevalueofk
Ik 1686
9 4 7]
0. Evaluate the determinant of ||1 3 5\
l4 0 3
1 4 31
10. SupposeA:|L —\B:% —|,
3 1 k

d
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14.

15.
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Evaluate (i) |AB| (i)  Then, if |AB|= 112, what is the
value of k

Compute the inverse of the following matrices:

520 11 |4 4 5]
A:|51 O|,B:|| 2 3 1
o1 3] 13 1 4

Solve the equations:

X+2y+3z=14
X+y+2z2=11
2Xx+3y+z=11

An amount of N500.00 is put into three investments at the rates
of 6, 7 and 8 percent per annum respectively. The total annual
income is N358. The combined income for the first two
investments is &70 more that the income from the third
investment. Find the amount of each investment.

The equilibrium conditions for three related markets are given by
the equations:

3Pl —P, + P3 =2
-15P, + 6P2 —5P3=5
SP; — 2P, +2P; =3

Find the equilibrium price for each market.
A salesman has the following record of sales during three months

for three items A, B and C which has different rates of
commission.

Months Sales of Units Total Commission

A B C | drawn (N)

January [90 100 20 800 200
February |130 50 40 900 300
March 60 100 30 850 400

Find out the rates of commission on items A, B and C.
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16.

7.0

46

1)

2)
3)

4)

5)
6)

Find the equilibrium prices and quantities for two commodity
market models:

Xg1 = -2 - P +0; X1 =-2—(

Xg2 = -3 P —0; X2 =-Q+p+qQq
Where p is the price and q is the quantity.
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1.0 INTRODUCTION

A vector is a single row or column matrix. Say , let A = 3i+4j-5k be a
vector. Then, A =[3, 4, -5] is a row matrix.

2.0 OBJECTIVES

At the end of this unit, you should be able to:
[ Inter-marry science and economic words using vector as a
mathematical model of simplifying and solving problems.
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3.0 MAINCONTENT

3.1 Vectors

DEFINITION

SCALARS: Scalars are quantities, which are completely specified by
numbers, which measure their magnitude in terms of some chosen units,
but have no definite direction in space.

Examples are: speed, energy, mass, density, time, length, work,
temperature e.t.c.

Other quantities exist in engineering and science; however which have
the property of direction, in addition to magnitude and these are called
VECTORS”

DEFINITION

VECTOR: A vector is a physical quantity, which has magnitude and
direction. It can also be defined as a directed line segments.

Examples are: velocity, acceleration, displacement, force, e.t.c.

3.1.1 Types of Vectors

These are:

O Free Vectors,

[] Time and related Vectors,

O Point located Vectors and

O Position Vector.

1. Free Vectors: These have magnitude and direction but have no
particular position associated with them e.g. Displacement.

A displacement vector 20km north is the same in Lagos, Ojo, or
anywhere.

2. Time Related Vectors: These are located along a straight line
e.g. Force. Force acting on a rigid body always moves along
their lines of action without changing its effect on the body.

3. Point Located Vectors: this is a vector whose position in

space is fixed in addition to its magnitude and direction. e.g a
position vector.
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Position Vector: this is a vector say PQ which is drawn from a
fixed point P which gives the displacement of the point Q from the
point P. The point P is called the initial point while the point Q is

called the end point of the position vector PQ .

3.1.2 Vector Representation

A vector can be represented by directed line segment, where the length
and direction of the segment corresponds to the magnitude and direction
of the vectors.

A

A

-
>

X

As can be seen above, a vector can be represented by AB ABor a

Thus, the modulus (absolute value) of a vector aor AB is that positive
number which is a measure of the length of the directed segment.

The modulus of ais denoted by fajor ‘ﬁ‘

3.1.3 Definitions

H Is equal to ,a" if ,a“ (the measure) is greater than zero i.e.
positive.
la| is equal to zero if ,a* = 0.

|a_| is equal to (- a) if ,,a" is less than zero.
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Mathematically, [a| can be stated thus:

alfa>0

\a\: —— 01fa=0

— -alfa<O

Special Cases

50

If |AB| =0, then A =B and this is called a zero vector.

If‘ﬁ‘ = 1, then AB and this is called a unit vector. This is
representedas /., or/ . , respectively.

AB= BA are vectors of the same magnitude but in opposite
direction.

o |

A

Equal Vectors: Two vectors dand b are said to be equal if they
have the same magnitude and direction.

If dandb , then =|aland ‘6‘

Equal direction mean5/7" that they are parallel
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Example

Suppose that from Anthony Campus (A), a car moves 50km due east
Maryland (M) and then 30km North east to Sheraton (S). It would seem
reasonable to say that the car has moved the distance represented by the
length ,,AS™ in the direction A to S.

3.1.4 Vectors Addition

The addition of two vectors is defined by the triangular rule

Let AB and BC represent dand b, therefore the addition of AB andBC is
a+ b andisdefinedby a+ b =¢.

AB +BC =AC, called resultant vector.

To find the sum of two vectors dandb, we draw them as a chain;

starting from the second where the first vector ends. The sum c is then
given by the single vector joining the start of the first to the end of the
second vector.

If the point A, B and C are collinear (i.e. Lie on the same straight line).

o1
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The law of vector addition still requires that AB +BC =AC .

Thus
A

v
O

B
Although the AABC has now vanished

The sum of a number of vectors AB, BC, CD, DE can be obtained by
drawing the vectors as chain and then systematically apply the triangular
law of addition i.e.:

AB+ BC= AC

Example 1
Find the sum of AB, CB,CD, ED.
Solution

Note that CB, = BC and ED = DE
4 AB CB+CD ED® AB + BC + CD = DE
Note also that A8 + BC = CD®AB + BC + CD =AC + CD = AD

4 AB + BC +CD + DE =AD + DE = AE.
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3.1.5 Subtraction of VVectors

The subtraction of vector can be considered as the addition of its
negative.

Consider the figure below:

CB=u, BA=v
Therefore AC =u+Vv

U+Vv u-v

A

Let DA be v and DB be v ; Note that DA = ﬁ;

4CD DA= CD +( DA)= CD +AD, recall that DA = DB: = C
+DB =CB.

Since CD =u, DA =vand DB = -v.

From triangular law of addition, we have:

AC =Uu+V
CB=u-v
C C
Uu+V 51
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3.1.6 Multiplication of Vectors

Going by the laws of addition of vectors, a+a = 2a is twice the

magnitude of a.
If we decide to add continuous to n™ term of the same vector, ® 3 + &

+da+...=na.

The product of a scalar ,n“ and a vector a can be written as (na) or
(an) is a vector in the direction of a.

If k is also another scalar, then:
I. k(na)=(kn) da =nka)
ii. (k+n)a=ka+na
iii. n(a+b)=na+nb

Theorem
If two vectors are presented by k(C_A) and n (ﬁ), then their resultant is

represented by (k +n)C_D, where D is the pair, which divides AB in the
ratio n: k.
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BUSINESS MATHEMATICS

From the above, we have:
CA =CD + DA® Vector addition.

KCA =kCD +kDA ® Scalar multiplication ......................cc...... (1)

Similarly,
CB =CD + DB® Vector addition.

nCB =nCD +nDB ® Scalar multiplication .............................. (2)
Equation (1) + (2):

® kCA + nﬁz(kﬁ +kﬁ) +(n(f +nDB)

= (kCD + nCD)+ kDA +nDB = (k+n)CD + kDA +nDB ............ )
Recall that DAand DBare collinear and directed in opposite sides i.e.

LR T

Also, DA: DB=nk® =—= —® kDA = nDB

4 KDA + MDB =0 .o (4)
Equation (4) in (3);

®KCA + nCB = (k + n)CD + kDA + nDB = (k + n)CD + 0 = (k +
n)(ﬁ

Where (k + n) is a scalar quantity multiplyingCD , a vector quantity.

3.1.7 Position Vectors

P(x,y) 53
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The position of the point p(x,y) in a rectangular plane with reference to
origin can be called “ a vector”.

The unit vector along the x-axis is i, while the unit vector along the y-
axis is j.

40P = OM + MP =Xi+Yj, MP is parallel to y-axis

AN

o

3
I

F=Xi+yj

The vector OP = 7 is called the position of point ,p* in the plane with
reference to the origin.

Consider the elementary Pythagoras theorem:

OP?’= OM? + MP? ® r’= x>+ y?

4 4F= x>+ y? ® 1

Where |r|is called the magnitude or the modulus of the vector, r.

The expression of vectors in components form also  obeys the laws of
addition, subtraction and scalar multiplication.

Example

Consider the vector r, andr, :
Where r, = X, j+Vij L, =%i+Y,]

I L+ =X+ Y J+XI+Y, J=XT+XI+Y,]+Y,]
= (X1+X2)i+(Y1+ yz)j ------- @

ii. o=ty ) (Gi+y,i)=0¢ )i+, ¥,)i (2
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ii. kr, = kxi +ky, J.
Example 2
Find the magnitude of the following vectors:

. 3i+4j
ii. 5i +7]j

Solution
. r=xi+yVyj
4 ﬂ =x?+y?

® = K +y?

4r=3i=4j; x=3 and y=4

® f| = B> 142 = Bb5=5

I. r=5 7j;, x=5and y= 7

®f|= F+(7?= B5+290= Fa.

Example 3

Given that r,=3i+5j and r,= 4i+19j. Find the modulus of the
following:

I. 3r, +4r,
i 5r, T,

Solution

i 3, +4r, =33 +5])+4( 4i +19j) =9 +15] 16i +76]
= 7i+19]
LetR = 7i +19]
4 The modulusof R = R |

® Rl= X 7?7 +91° = b5+8281= B326.
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ii. 5 1, =303 +5)) ( 4i+19]))=15i+25]+4i +19]
=19i + 6]
LetR =19i +6j
4R =dho? +6° = [361+36 = [397.

=19.92

3.1.8 Unit Vectors

Let a be the unit vector in the direction of vector then:

Leta= =xi+yj ® a= = where al= ke+y?

Example 4

Find the unit vectors in the direction of the vector:
I. a= 4i+3j

ii. b= 3i+7j

iii. C = 5i+3]

Solution

i, a=4i+3j® hl- W +3 = B6+9= B5=5
4 e ;:4|+31 4 .3 .

O
=—i+=] Or a=—(4i+3]j).
a 5 5|+5] ra 5( i +3])

i. b= si+7jopl=k 3?+72= b+a9= Es

b= @p= I 1 5.7)
W e T8
iii. c= 5i+3j@fl= B +(3?=b5+9= B4
4c=C@c= 3_ 5i +3j).
G

3.2 Complex Numbers

DEFINITION
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A complex variable z is of the form a + bi, where a and b are real
numbers and i is called the imaginary number.
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Mathematically,z = a + bi

Two complex numbers z; and z, are equal if their real parts are equal.
If z, =a; + bjiand z, = a, +b,i, thenz; = 75, ifa;=a,and b; = b,

Suppose a complex number is z = a + bi, then z = a — bi is called the
conjugate of the complex number,

(a+bi) (@ bi)=a®? b??=a®+b?(Real number), where i* = -1.

3.2.1 Properties of Imaginary Numbers

Consider the solution of the polynomial:

+1=00x*= 1® k= lteox= [1=i (Imaginary)
®i= 1

i?=(JD) ® 1

®it=ixi( J1 1= 1= 1

®i*=i*xi’( Dx ( 1) =1

®i°=i'xi ( 1)*x T1=1x 1=T1

Thus:

®i =i° = 11;
®i’=i® = 1
®iP=i" = i
®i*=i® =1.

3.2.2 Algebra of Complex Numbers

Letz;, =a; + bjiand z, = a, + bl

471+ 2y =(a + byi) + (az + byi) = (ay + &) + (by - by)i
421-25= (a1 +byi) - (A + boi) = (a; - a) + (by - by)i
Example 1

If4z,+3+2iandz,=4+3i. Find(i)z;+z, (i)z;—-2,

Solution
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I. 2,+2,=(3+21)+(4+31)=(3+4)+(2+3)i=7+5i

i, 2,-2,=(3+2i)-(4+3i)=(3-4)+(2-3)i = -1-i

3.2.3 Scalar Multiplication in Complex Numbers
Let k be a constant or a real number and z; = a + bi,

4 kz, =k (a + bi) = ka + kbi

Example 2
Find5z;1fz; =3+ 2i
Solution
5z, =53 +2i)=15+ 10i
3.2.4 Multiplication of Complex Numbers
21 2,= (ay + byi) (a2 + bai)
=ay (az + bai) + byi (az + bai)
= &y, + ash,i +aybyi + byby(i)?
= a3, + (a1byi +ayby)i - bib,,  wherei®=-1
= (a1a, + bib,) + (a1b, + ab)i,
When (a;a, + b;b,) and (a;b, + a,b,)i are real numbers.
Example 3

Ifz;=3+21andz, =4+ 3i. Findz;2,
Solution

712, = (3 + 2i) (4 + 3i) = 3(3 + 4) + 2i(4 + 3i) = 12 + 9i + 8i + 6(i)°
=12+ (9+8)i6(-1)=(12-6) +17i =6 + 17i.

3.2.5 Division of Complex Numbers
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z, a, +hi
z, a,+bh,i

Multiply and divide through by the conjugate of the denominator,
a, b,

g _a+bi o3, bi_ (+hi)@, b,i)
Z, a,+bi  a, b (a,+hi)a, b
_ (a_+bi)a, bi)
~ (a® b%2i?)
_ (@, +h,i)@a, b,i)
a’+b?

Example 4

If z, =3 + 2iand z, =4 + 3i. Evaluate a
ZZ

Solution

2, _3+2i 4 3 _ @+2)4 3)

4

L
z, 4+3i 4 3 4% 3(j)
_ (3+2i)4 3i)

16+9

_1 . .
= £(3 +2i)(4 3i).

3.2.6 Absolute Value or Modulus of a Complex Number

The modulus of z; =|z,|.
If z, =a + bi,

2| = da? +b?
Example 5

If z, =3 + 2i. Evaluate [z,
Solution
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|z = da?+b2= I32+2?2 = lo+4= k3

Also, if z1, z, and z; are complex numbers; then for absoluteness, the
following axiom holds:

> 2.2, | =[z.]z,|
> |2, + 2,| < |2,| +|z,|
> |2, +2,|> |z)] |z,

3.2.7 Working Distances in Complex Numbers

The distance between two points z, =(a +hji)and z, =(a, +b,i)in
complex plane is given by:

|Zl 'Zz| = |(a1 +b1i) (az +b2i)| = |(al ’az) + (bl - bz)i|

= la a,)+®, b,)’
Example 6

Find the distance between the points z; and z,, given that z;, = 3 + 2i and
2, =4+ 3i.

Solution

|2, -2,| =|@3+2)) (4+3)|=|3-4+@2-3)i[=| 1 1 =J( ¥+( 9?= h+1=- 2

Example 7

@ C|@+2)|_|B+2i) (4 3) _|@+2i)(4 30

Evaluate : _ i ———
z, |(4+3i) |(4+3)) (4 3i) | 47+3

3(4 3i)+2i(4 30)| [12 9i+8i+6| [18 i

1L e o el
—‘2—5(3+2|)(4 3|)‘_‘

25 25 | | 25|
18 1 18 12
| & Ly - @80
_ s 25 | 25
2 2 Ao
N
| 25 25
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3.2.8 Polar Form of Complex Numbers

If p is a point in the complex plane corresponding to the complex
number (x, y) or (x + iy), then:

P(x,y)

v

x=rcosl andy=rsinl ..., (1)

Using Pythagoras theorem:

In complex numbers, we have distance r =[x +iy |, where |x +iy| is called
the modulus or absolute value of the complex number.

Similarly, > +yV*=r% .......cco . (1).
I.e. substituting equations (1) in (2)
® r? cos?\ + r?sin’l ® r? (cos?\ +sin?\) ® r? (1) = r?

If z=x+ iy, ® z=rcos\ +risinl = (cos\ + isin?\) is called the
polar form of z.

De Moivre®s Theorem

Given the following:
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If 2y = (X +iyy) =1y (cos\y +isin\y) oo (4)
and

Zy, = (Xz + |y2) =0 (COSKZ + iSinkz) ........................................ (5)
4212, =11, [cos(\Ly + L) +isin(Uy + W) o (6)
Also, 2 = rr_l feos(Ls + L) +isin(Uy + o)l oo, 7)

4212, =...20= 10 ....tn[cos(\y + o+ ) +

ST+ ot o )] e, (8)
If=z,=2,.....2,=z,then,ry=r,....1, =

AlSO, if 21Z,..... 2, = 2" then, Mo oo Ty =0 e (9)
4 Equations (8) and (9) becomes:

2" =1" (cos\ +isin\) = [r(cos\ + isin\)]"

4 Equation (10) is called “De Moivre*s Theorem”

Example 8

Express the complex number in polar form:

3=2 ki
Solution
The absolute value, r = |3+ 2 |§|: ||32 +(24d3%)

=for12=I21
. 2B .
Argument \ =sin  1==2 | =sin (0.7559) = 49°
g j I?J (0.7559)

Hence,3+2 i =r(cos\ +isin\)= b+12
= [21 (cos49° + isin49°).

Graphically:
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49°

A 4

Example 9
Graphically, represent 6 (cos240° + isin240°)

Solution

240°

v

40 CONCLUSION
We shall conclude as in the summary below.

50 SUMMARY
In summary, we defined vector, types of vector,
manipulation of vectors vis a vis addition, subtraction,
multiplication and division of vectors were carried out and
relevant examples listed out and solved.

6.0 TUTOR-MARKED ASSIGNMENT
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Find the sum of the following vectors:

I. AB, BC, DC, AD.

— — —

— — —

V. B, BC,CD, D

N

ABCD is a rectangle with AB = 3a and AD = 4b.

Find the

magnitude and direction of the vector AB +AD.

If & =(3i+4j)and b=

i) |a+ab)

(-1 + ), evaluate the following:

(i) [2a 3b)

The position vectors of points A, B and C are:

(i) a=3i+2
respectively:

(i)

b=-4i+3j (i) ¢ = 71 + 5

Find k if BC = kAB, where k is a scalar.

Prove De Moivre“s Theorem (cosn\ + isinn\), where n is any

positive integer.

Prove z, +z, =12; + z,, Where z; and z, are conjugates.

Ifz,=(2+1),z,=(3+1i)and z3 = (-1-1),

Find:
. 212775
i |z, )
iii. |z, 7z
Iv. Loy
ZZ
V. 22,2,

Construct graphically:
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. (321 -2,)
il 7 (cos 240° +isin 240°)

Express the complex numbers in polar form:
I. (-7 +7i)
ii. (2-3i)
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4.0  Conclusion
50 Summary
6.0  Tutor-Marked Assignment
7.0  References/Further Readings

1.0 INTRODUCTION
This is an equation of the first degree, it is an equation containing no

higher powers than the first of x and y, and is of the type y = mx+c
where m and c are both constants.

2.0 OBJECTIVES

To simplify and interpret physical, business and scientific situations in
graphical form.(i.e ordinate and abscissa).

3.0 MAINCONTENT
3.1 Definition
A point P(x, y) means that P is in the (X, y)-plane, where x is called the

abscissa and y is the ordinate. Therefore the x and y coordinates of a
point are called the rectangular Cartesian coordinates of the point.

Ordinate

A

-X X

Abscissa
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3.2 Determination of a Point in (X, y) — Plane

YA
X PXY)
A | -y
_ Ly
=X B X
Q(x, y) - D
\
-y
Fig. 2

P(x, y) and Q(x, y) are two points on (X, y)-plane.
Note here that:
AP is parallel to x-axis, (+ve).

BP is parallel to y-axis, (+ve).
CQ is parallel to y-axis, (-ve).

DQ is parallel to x-axis, (-ve).
A straight line is formed when two points are joined together.

Here PQ is a straight line.

P(X,y)
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3.3 Distance Between Two Points

y
P( X1,Y1) t Oex)
(Y2- Y1)
\/ | C
Y1 (X2—X1)
A
0 > x; < B X
<~ >
Fig. 4

Let P(xy, y1) and Q(X,, y,) be two points in the (x, y)-plane. We
calculate the distance between points P and Q.

4 PCQ is a right angle triangle from Fig. 4Qi.e.

(Y2—y1)

(X2 —x1)

Fig. 5

68



BUSINESS MATHEMATICS

The distance QC = (y, — Y1), PC = (X, — X1)
4PQ =? is the required distance.
Therefore, using elementary Pythagoras theorem, we can see that:

4 PQ% = QC* PC? = ((y2 — y1)* + (X2 — X1)°

®PQ= Jy, v)?+(x, x)°

This is the formula for finding the distance between two points.

Example 1
Let A, B, C be the points (2, 3), (3, -2) and (-1, 4).

Find the length of the following: (i) AB (ii) BC and (iii) AC.
Solution

C(-1, 4)
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(i) DistanceAB= J( 2 32+@ 2?2 =J( 52+@®?* = I26.

(i) DistanceBC= K 2 4 +8 (¥ =J( 6>+ =1I52

(iiiy DistanceAC= J3 4 +£2 ( p¥ =d( »?+©@? = 0.
Example 2

Find the distance between the following pairs of points:

a) A(5, -3) and B(3, -1)

b)  A(0, 1) and B(6, 9)

C) A(6, 3) and B(11, 15)

Solution

() DistanceAB= Jo (3¥ +8 ¥ =J@’+( 2’ =T20=2I5.

(i) Distance AB= Jo 3+ 0 =]©)?7+6)? = T100 =10.

(iii) DistanceAB= Jus 3)2+@1 6)? = J@2)? +(5)° = l169 =13.
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3.4 Gradient or Slope of a Straight Line
Y A

QX2 —Y2)
(Y2—-Y1)

(X1 — Y1)

(0 %0) A(X2 —Y2)

Fig. 6

The slope of a straight line can be defied in respect to the angle of
inclination of the line with the x -axis i.e.

Slope = tangent of angle of inclination with x-axis = tand, where 0 is the
angle of inclination.

4 From Fig. 6 above, we have:

Y W
tan \ = — =M, where m is the gradient/slope or rate of

X2 Xl
change
4 yz—yl=m®(y 2 yl):m(xz X1)
X2 Xl

Let (y, — y1) = Ayi.e. change iny, and

(X, —X1) = AX ® i.e. change in x.
4Ay = m AX ® Y om
X
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Example 3

Find the gradient of the straight lines and their angles of inclination.

a) A(2, -3) and B(4, 5)
b) A(-2, 0) and B(6, -4)
Solution
a) Slope:m:y2 i _ 5 3:—2:,
x, X, 4 2 2
Angle of inclination d ® tand=m =1
®O=tan" 1 ® 0 =45°
At angle of 45°, sin 45° = cos45° ® tand5°= 0" 45" _ sin4s” _
cos45°  cos45°
1.
4tanf=1® 6= 45°,
b) Slope:m:y2 Y 40 _ 4 _1.
X, X 6 (2 8 2
Angle of inclination & ® tanf =m = 15
®f=tan" 1 ® =45,
3.5 Equations of a Straight Line with Slope “m”

He equation of a straight line is of the formy — mx + c; where x and y
are the coordinates, m is the slope and, c is the intercept on the y-axis.
Example
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The equation of the line is: %u% =m®y-b=m(x-a)
X a

But if the line passes through the origin i.e. O(a, b) = O(0, 0), where a =
Oandb=0.
4y-0=mXx-0)®y=mx.

This is the equation of a line passing through the origin.

3.5.1 Graphical Illustrations of Equation of a Straight Line

a)

P(x,y)

73
0 (0, 0) X



The equation of the line is: y=m x.
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b)
y
P(x, )
C
<«<—— (0,0)
O X
The equation of the lineis:y=mx + ¢
C
) y
yo| S O
(X1, 0)
0 % X
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The equation of the line is: y; = -m Xx;.

d) \

(O! yl)

o

BUSINESS MATHEMATICS

0
This line is parallel to the x-axis.

Y1
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(x1, 0)
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This line is parallel to the y-axis.

3.5.2 Equation of a Line given One Point and the Slope

< P(2,3)

Fig. 8
The equation of the lineis: y —y; = m (X — Xy).
4y-3=5(x-2)®y-3=5x-10

®y=5x—-17.

Example 4

Find the equation of a line (-1, -4) whose gradient is 1.

Solution

Y=Y1=M (K= X) ®y ~(-4) = 1{X (- 0)} ®y + 4 =x+1
®y=x-3.

3.5.3 Equation of a Line given Two Points

7



Y
y
< QX2 ¥2)
< AKXyY)

€ P, y1)

0 X
Fig. 9

PA = AQ = PQ.

am=VYe Vi Y Vi Y Y

X, X X X X X

Example 5
Find the equation of lines of the following given points:
a) A(2, 3) and B(4, 6)

b) A(-3,-2) and B(-1, 0)

Solution
a. m:63:y3:y6®3_:y_30r§:
4 2 X 2 X 4 2 X 2 2
3 3x 3x
®y-3= —=(Xx-2)®y-3= == 3®y= —
y 2( )®y 5 y=
3x
®y= =
y 2
3X_y 6 3 3X
Or —=2—@®vy-6= —(x 4)® 6= — 6
2 X 4 y 2( )y 2
®y=3?x 6+6
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3x
®Yy="=
y 2

SELF ASSESSMENT EXERCISE

Solve for (b) using the same method.

3.5.4 Equation of a Line given Intercepts on ,x* and ,y” axis
only

Q@O, y1)
A /

P(x1,y)

(X1, 0)
0 X1 B X
Fig. 10
m=Y % p=Y0
x 0 X X
4 X = Oy M X k= 0) (0

® Xy — le — y1X + lel = Xy ® 'le - ylx + lel =0
® X1y1 = X1y + Y1X

Dividing through by x;y,

® XY _ XY | Yy X

lel lel lel
®1= Y4+ X
i X

Example 6
Find the equation of lines, which passes through the points:

a) (0, 3) and (4, 0)
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b) (0, 1) and (-3, 0)
C) (0, -6) and (5, 0)
Solution
a) (0,3)and (4,0) ®x;=4,y, =3
®1= %4 Yo1="4 "
X Y 4 3
® 12 = 3x + 4y
b) (0,1)and (-3,0) ® x; =-3,y; =
®1: l_i_l@l: y__|_X_
Vi % 13
® -3=-3y + X
C) (0,-6)and (5,0) ®x; =5,y; =-6
®1=2,Y®1= Xg+y—6
X, Y
® -30 = -6x + 5y
3.6 Intersection of Two Lines

BUSINESS MATHEMATICS

The necessary and sufficient conditions for two lines to intercept are that

they must be consistent and independent.

intercept of two lines is the “Market Equilibrium”.

A good application of

Consider a linear demand and supply functions respectively. At a point
when the demand equals the supply, it simply means that intercepts of
demand and supply functions.

Demand

Fig. 11
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P(x, y) represents the quantity and the price of commodity at point of
equilibrium.

Lines AB and CD can be solved simultaneously to evaluate the values of
x and y respectively.

Example 7

Find the coordinate of the point of interception of the lines:

(@ 2x+3y=5 (b)x+2y=3

Solution
22X+ Y = D e (¢D)
X F Y T 3 i (2)

22X+ Y = D 3)
2XF AY = B o 4
®-y=1® y=1

Substitute y = 1 into eqn. (1) or (2):

2X+3y=5®2x+3(1)=5®2x+5-3=2
®x=1.

Thus, the coordinate of the point of interception is (1, 1).
Example 8
If UAC Foods use 10 bags of flour and 5 tins of butter to produce 100
raps of gala and UTC uses 15 bags of flour and 8 tins of butter to

produce 120 raps of gala.  Find how many raps of gala that can be
produced from 30 bags of flour and 15 tins of butter.

Solution
Let F represent bag of Flour and T represent tin of Butter,

AUAC: 10F +5T =100 .. eeeeeeeoee oo (1)
AUTC A5F + 8T =120 1o )
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Equations (1) and (2) can be solved simultaneously,

Equation (1) divided by 5 and multiplies by 8, then subtract from
equation (2):

LOF + 8T =160 ... veeeeeee oo (3)
I5F 4+ 8T =120 ..o )
(3) = (2) ®F Z 40 1.t (4)

Substitute F = 40 into eqgn. (1):

® 10F + 15T = 100 ® 10(40) + 5T = 100 ® 400 + 5T = 100
® 5T =100 — 400 = -300

®T= %:-60

® T =60 ..ttt (5)
4 The required equation is:

B0F + 15T =2 oo, (6)
Substitute equations (4) and (5) into eqgn. (6):

® 30F + 15T =? ® 30(40) + 15(-60) = 1200 — 900 = 300 raps of gala.

Example 9

Find the equation of the straight line, which passes through the
interception of x + y = 3 and x +2y = 5 and has a gradient of 2.

Solution
X Y T B (1)
X Y S D (2)

Equation (1) — (2):

®-y=-20Yy=2.
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Substitute y = 2 into eqn. (1):

X+y=3®x+2=3 ®x=1.

4 The coordinate of the point of interception is (1, 2)

4 The equation of the line of P(1, 2) and slope2 is given by: m =

®2:y—f®y-2:2(x-1)®y-2:2x-2®y:2x.
X

3.7 Parallel and Perpendicular Lines

a. Parallel Lines

Two lines are sad to be parallel if their gradient is the same i.e.
they have equal rate of change.

Fig. 12

Alternatively, if the angle between two lines is zero, it means that they
are parallel.

Recall that slope = tan6 = 0.

Let m; and m, be the slope of lines AB and CD

4 Lines AB and CD are parallel if and only if m; = m..

b. Perpendicular Lines
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Fig. 13

The product of their gradient must be equal to -1.

4mxm=-1®m; = —1.
m2

Example 10

Find the equation of the lines, which are (a) parallel (b) perpendicular o
3x + 2y = 5 and passes through the point (2, -4).

Solution

To find the slope of 3x + 2y = 5:
®2y=-3Xx+5®y= 33<+5—

2
®y=mx+c
®m= 3—
2
a. The equation of the line parallel to gwould have gradient of g

I.e. my =m,. The given pointis (2, -4).

am=Y g 3V (Dg 3_y+4_ 4 3éx 2)
X X 2 X 2 2 x 2

®y= %x+3 4
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b. The equation of the line perpendicular to gwould have gradient

of l;’ i.e. my =m,. The given pointis (2, -4).

®Ifm= Sem,—-—-2
2 m, 3

3
2
Am=Y Vg2 VY (42) 2_y+4

—® ="——® =
X X 3 X 3 X

®y+4= 2§(X 2).

3.8  Application of Straight Lines to Business

Demand: This is the amount of goods requested for by customers at
any point in time. The demand curve is the relationship between
guantity and price of goods

The demand curve can be represented in many forms such as Linear,

Quadratic, Cubic etc. Since we are concerned with straight lines in this
section, we would be giving examples of linear demand curves.

Example 11

11 boxes of Lux soap are demanded for, each box costs N300. 20 boxes
of Premier soap are also required by customers, each box costs N350.
Draw up a demand curve showing the relationship between demand for
both products.

Solution

The general demand function is given as g = mp + c¢; where:

q is the quantity of goods demanded for;

m is the gradient of demand function;

p is the price of goods; and

c is the constraint or intercept on demand function.

For Lux soap:

When price (p) = N300, demand (q) = 11.
The demand equation is given as;
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11 =300M 4 C oo @
For Premier soap:

When price (p) = N350, demand (q) = 20.

The demand equation is given as;

20 = 350M + C v (2)
Solving equations (1) and (2) simultaneously, we have:

11 =300m +c.... ® c =11 - 300m.

20 =350M +C oo (2).
Substitute ¢ in equation (2), we have:

20 =350m + 11 — 300m

® 20=50m + 11

® 50m=9
® m=0.18.

Substitute m in equation (2), we have:
20 =350(0.18) + c

® 20+63=c

® c=-43.

From the general demand functionis g = pm + c.

Hence, the demand function of customers for Lux and Premier soap is
givenas: q =0.18p - 43.

This shows the functional relationship between demands for both
products.

3.9 Inequalities
With inequalities, we can define intervals on the number scale. This
will enable graphs of functions to be easily defined. Functions of

inequalities can be Linear, Quadratic, etc.

Example 12

Solve and graph the following functions:
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i 18x — 3x% > 0.
i, (x+3)(x—2)(x—4)<0.

Solution
. 18x — 3x* > 0.
Consider f(x) = 18x — 3x* = 0.
® 3x (6-x)=0.
®x=0o0rx=6.
We determine the sign of 18x — 3x* > 0 for the following intervals:
x<0;
0<x<6;and

X > 6.

Picking numbers arbitrary for the above intervals, we fins out that x is
satisfied for all x on the interval 0 < x < 6.

f(x) = 18x — 3x°
15
24
27
24
15

OB WIN| X

Graph of 18x - 3x* > 0
f(x)
30

25

20

15
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il x+3)(x—2)(x—4)<0.

Consider f(x) = (x + 3)(x — 2)(x —4) = 0.
® X -3, 2, 4 respectively.

We consider the following intervals:
X <-3;
-3<X<2;

2<x>4;and
X >4,
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Picking numbers arbitrary for the above intervals, we fins out that x is
satisfies the following intervals x <-3and 2 < x < 4,

X | f(x)=(x+3)(x—-2)(x—4)
-4 -48

-5 -126

-6 -240

3 -6

Graph of (x + 3)(x — 2)(x -4)

50

100

150

200

250

40 CONCLUSION
As in the summary

5.0 SUMMARY

Straight line graph is dealt with, both parallel and perpendicular lines
and their relationship to business problems. Demand, supply and
equilibrium conditions are also discussed. Some illustrative examples
are shown in examples 8,9and 10 above.
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TUTOR-MARKED ASSIGNMENT

A Market woman sells 10 bales of Ankara for N500 per bale.
She also sells 12 bales of George*s material for N800 per bale.
Assuming that both sales are at a point of equilibrium, determine
the equilibrium price and quantity.

Draw the graphs of the following inequalities:

. (x +1)% (x — 3) > 0.

i X 1o
X+1
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6.0  Tutor-Marked Assignment
7.0  References/Further Readings

1.0 INTRODUCTION

This unit will introduce you to the properties of equation of a circle,
detailing how these properties could be used to solve day-day problems.

2.0 OBJECTIVES

At the end of this unit, you should be able to solve simple problems
involving equation of a circle.

3.0 MAINCONTENT

3.1 Definition

A circle is the locus of a curve (equidistant from a point).

A circle could be described by its centre (fixed) and its radius. The

radius is the distance between the centre of the circle and the
circumference.

B(x, Y)

A(a, b)

v

To form the equation of the circle, whose centre is the point A (a, b) and
radius, I joined to point B(x, y) on the circumference.

Distance AB=r= J(y a)2+(X D) oevviirieiiieiiieeei, (1)

Squaring both sides, we have:

P2 (Y= @)+ (X = D)o 2)
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This is the required equation.

Suppose the centre of the circle is located at the origin meaning that a =

0, b = 0; then the equation becomes:

2=y =002+ (X—0)2 =Y+ X% et

This is equation of the circle with centre at the origin
In gradient the equation (2) can be expanded thus:

P = (y—a)’+ (x—b)’ = y* — 2ay + a° + x* — 2bx + b*

®Y +x2—2ay —2bX + @+ 0% =12 =0 oo

®Y +x—2gx—2fy+ (@ +b*—r) =0 ..ot

Where —a=f, -b =g and leta® + b* — r* =c

® Y A X = 20X =20+ C=0 oo

Example

Find the equation of the circle centre (2, -3) and radius 4.
Solution

The equation of the circle centre (2, -3) and radius 4 is:

A

y
(x,y)

(21 _3)
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®Y +6y+9+x°—4x+4=16
[y— (-3)° + [x - 2]* = 4°

®Y +6y+9+x°—4x+4=16
® Yy +x*—4x+6y-3=0.

3.2 Properties of Equation of a Circle

The coefficient of the two variables x and y must be the same;
There must be no term in xy and,;

3. The equation must be second degree or simply in second degree
of x and y respectively.

A

Example

Find the coordinate of the centre and the radius of the circle

Y2+ x?—14x -8y + 56 = 0

Solution

The circle X2+ Y? — 14X -8y + 56 = 0 ....ovvvvineeeeeeeeeieieeeeee, (1)
Collecting like terms:

® X 14X+ [ 1Y =8Y + 1256 oo (2)
Fill-up the bracket to make each equation to be perfect square.

Find the half of the coefficients of x and y and square them and add to
both sides:

® {15( 1Y ST1249 oo (3)

® {15( Gl O R - (@)
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Equation (2) becomes:

® x* —14x + 49 + y* — 8y+ 16 = -56 + 49 + 16
®X*—14x+ 7°+ Yy —8y+4° =9

®(X-T7)+(y—4)°=3

4(7, 4) are the coordinates or centre of the circle, while 3 is the radius.

Alternative Solution

Comparing X* + y* — 14x — 8y + 56 = 0 with x* + y* + 2gx + 2fy + ¢ = 0,
which is the general form.

®29-14®g=-7,and2f=-8® f=-4

Where a and b are the coordinates, recall that—-a=gand b =f
4 a=17,b =4 (the coordinates).

Also, ¢ = g* + f* — 2

® 56 = (-7)° + (-4)* - r*

®56=49+16—r°

®r’=65-56

®r’=9

® r= 3 (the radius)

Hence, the circle has centre (7, 4), radius 3.

40 CONCLUSION
As in the summary

50 SUMMARY

In summary, this unit discourses equation of circle. Simple
problems involving equation of circle and some properties of circle
is also discoursed.

6.0 TUTOR-MARKED ASSIGNMENT
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Find the equation of the circle giving the following coordinates
and radii:

I. Centre (-1, 2), radius 4

ii. Centre (6, 2), radius 1

ii.  Centre (-2, -3), radius 5

Write down the centre and radius of the following circles:
i X2+ y* — 10x + 6y + 30 = 0 ii.

Ox* +9 y* — 12x - By + 4 = 0 iii.
A% +4y? —12x + 4y -71=0

REFERENCES/FURTHER READINGS
1) Pure Mathematics for Advanced Level By B.D Bunday H
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1.0 INTRODUCTION

A series Is a succession of numbers, of which each number is formed
according to a definite law which is the same throughout the series.

2.0 OBJECTIVES

At the end of this unit, you should be able to:

1 find the sum of an arithmetic progressions,

1 find the sum of a geometric progressions,

1 apply it to simple and compound interest problems,
1 commerce related problems.

3.0 MAINCONTENT

3.1 Definition

A sequence is a succession of terms spanned by a rule or formula.

Examples

1. 1,2,3,4,5...
2. 2,4,6,8, 10...
3. aa’a’a’a.

A sequence may be finite or infinite.

A finite sequence is one whose first and last element are known, while
an infinite sequence is one whose terms are uncountable.
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The general term of a sequence (formula) can be writtenas: U, = 5
n

We can now generate the sequence by substitutingn=1, 2, 3 ...

O Whenn=1, ® U; = 1+l :E:
200 1 1

O Whenn=2,® U, = 2+1 :§:
2(2) 1 3

O Whenn=3, ® U; = 3+1 =ﬂ=0.8
23 1 5

© Whenn=4 ®Uy= 11 307143
2(4) 1 7

Hence, the sequence is: 2, 1, % % ........

3.2 Arithmetic Sequence (A. P)

This is a sequence in which each term differs by a common difference.

Let ,a“ be the first term,
Let s be the common difference.

The sequence is of the form:

[] a,a+d,a+d+d,a+d+d+d,
N a,atd,a+2d,a+3d.....

Ifu, us Us........ u, are the n™ terms of an AP.

Then:

U1:a

U,=a+1d
U3:a+2d
U4:a+3d
U5:a+4d
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U,=a+(n-1)d. Following the same pattern

The last term or general term for an Arithmetic Sequence is
U,=a+(n-1)d.

Example

Find the common difference in the following sequence

. 3,5,7,9, 11...

ii. 102, 99, 96, 93 ...

Solution

I d=u,—u;=uz—u,
d=5-3=7-5=2

4 The common differenceisd =2

i. d=u,—Uu; =uUz—U,
d=99-102=96-99=-3

4 The common differenceisd = -3

Example

Find the 7" term of an A.P whose first term is 102 and common
differenceis -3

Solution

Let ,,a“ be the first term

Let,,d be the common difference

4 ThenthtermisU,=a+(n-1)d

4 7thterm,n=7;d =-3;a=102
®U,=a+(7 1)d=a+6d=102 +6( 3) =102 18=84

Example

The 7™ term of an A.P is 15 and the fourth term is 9. Find the sequence,
first term and the common difference.
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Solution
4 Thenthtermofan APis U,=a+(n—-1)d

®U, =a+(7 Dd=a+6d=15. ... s serierrs v s o @
AU, =a+(4 Dd=2a+30d =9 s e crvernens e oo (2)
Equation (1) and (2) can be solved simultaneously.

To find ,,a" and,,d“, equation (2) minus equation (1),

®@+6d) (a+3d)=15 9
®3d=6®d=2

Substitute d = 2 into equation (2).

®a+3(2) =9®a+6=9®a=9 6®a=3
4a=3,d=2
4 The sequence is: 3,5,7,9, 11, 13, 15, ...

Sum of the First n-terms of an A.P

The sum of the sequence a,a+d,a+2d...a+(n 1)d is:

S, =a+(@+d)+(@+2d)+..+a+(n Dd....(1
S,=a+(n Dd+..+@+2d) +a e v e (2)

Summing equation (1) and (2), we have:

2a+(n Dd+2a+(n Dd+..+2a+(n 1d
2S, =n[2a+(n 1)d]

n n
2S, :§[2a+(n 1)d] :E[a+un]

Where S, is the sum of the first n —terms of the A.P sequence.

3.3 Geometric Sequence (G. P)

A geometric sequence is a sequence in which each successive terms of
the sequence are in equal ratio.

Let ,,a“ be the first term

Let, " be the common ratio.
The sequence becomes: a, ar, ar’, ar’, .....
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If U, =a
U, =ar"
U,=ar"
U, =ar*
U,=ar"

The nthtermis U, =ar™

Example

Find the common ration in each the following:

i 2,6, 18,54, 162,.

.. 1111

il. 1, —— —,—
2'4'8'16"

Solution

Let r be the common ratio

| r:E:E=3

2 6

1 1

2 4 1 2
i r=—=—=>-x—==

1 1 41

2

Example

Find the value P in the sequence of G.P:

(R 1) B+2I2)I2 7).P.
Solution

Let r be the common ratio.
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p= e s 1)
1 U
3+2E s 7 )
oy = e

Now, solve (2) for P:
PR+22=(2 y5lI2 7)

(2 ysl2 7 _l2sl2 7) 1502 7)
3v2l 3122

_10 712 512+7)

B 3+2I2

_17 1202

31202
Multiplying the numerator and the denominator by the conjugate
of the denominator, we have

H17 125\&?3 2I_2\‘ w7 12|26 2P
{3020z 13 2l 3 2|2
_173 2R) 1223 212)
9 8

Hence, the sequence is: (E 1)(3+2 E)(S I2 7)(99 70 E)

P:

=51 3402 36l2+48=9 70l2

Series
A series is the term wise summation of a sequence.

Letu,,u,,u,...u. beasequence

n
4u, +U, +Uy; +...+U, = U,
k=1

40 CONCLUSION
As in the summary

5.0 SUMMARY

This section introduces student to arithmetic and geometric progressions
which is a good foundation for various methods of investment appraisal,
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with particular emphasis on discount, simple and compound interests
,commission and depreciation,

6.0

TUTOR-MARKED ASSIGNMENT

1) At what rate of interest will a single investment triple its value in

Syears?

2) Calculate the present value of #5,000 at 10% p.a. for 4years.
3) In how many years will #2,000 amount to #10,200 at 5%

p.a.compound intrest?

7.0

7)
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1.0 INTRODUCTION
In this unit, you will learn about properties on limits, limits at infinity,

discrete and continuous variable and how each of these could be used to
solve problems.

2.0 OBJECTIVES

At the end of this unit, you should be able to:

] State the properties on limits,

1 obtain limits at infinity,

1 identify the variables that could affect limits,
1 solve problems involving limits.

3.0 MAINCONTENT

3.1 Definition

Limits describe what happen to a function f(x), as its variable x
approaches a particular number, say c.  If the value f(x) is k as x
approaches c, then, the number k is said to be the limit of the function
f(x) as x approaches c.

This statement can be written mathematically as:
lim =k, or lim f(x) = f(c)
4f(c)=k.

The symbol x (¢ means as x tends to c.

It should be note that, if the function f(x) does not get closer and closer
to a number as x gets closer to c, then, it means that the function f(x) has
no limitas x(ic.
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Example 1
X2

Consider the function: f(x) = :f 9jas x[13.

3

4Iim:fL =
x3 4 x 3) {3 3)

X
x> 9L k3% 90
5

Here the function f(x) is undefined as x = 3.

Mathematically speaking, the function is not defined as x = 3, but
defined as x # 3.
To obtain the limit, we go thus:

Lx® 9 Lix 3)(x+3))
0= 5 =2 7)_(“3)

Iiry f(x) = Iirr; (x+3)=3+3=6

4 lim LX 9} _g
xs% X 3)

Considering values < 3 and > 3:

2 25 27 28 29 29 3 3 30 33 35 4

v
4

X113 X3
From Left From Right
X3 F(x) x[13 F()
2 5 4 7
2.5 5.5 3.5 6.5
2.8 5.8 3.3 6.3
2.9 59 3.001 6.001
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[[29999 | 59999 | 3.00001 | 6.00001 |

5.9999 H 6 and 6.00001 H 6.

In conclusion lim (x + 3) = 6.
X3

Example 2
- X
Find the lim —
X0 X

|¥| is called modulus of x or absolute value of x.

-xforx<0
Definition |x| = ot .
_ Oforx=

L Oforx>0

If x > 0, that is positive x.
X x »

4 f(x)= —=—=1, positive sense
X X

If x <0, that is negative x.

4 f(x) = H - _X_ 1, negative sense
X X
Ifx=0

4 f(x)= %:2:0, zero.

Consider the graph of f(x) = M
X

104
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3.2 Properties on Limits

Let f(x), g(x) and h(x) be functions of x such that f, g and h are defined.

Let:
limf(x) =L
limg(x) = K
limh(x) =P
Then:
1. lim [f(X) + g(x) + h(x)] = lim f(x) +lim g(x) +lim h(x)
= L + K + P
2. lim [Mf(x)] = Mlim f(x) = ML, where M is a constant.

3. |IX[T2 [f(X) + g(x) + h(xX)] = I:pg f(x) . 1[rcr1 g(x) .lecm h(x)=L.K.P

lim f (x)
. lim 1) = e - L, Provided K 0
e {g(x)) imf(x) K

Example 1
Evaluate the following limits:

1) lim (3x% + 1)
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2)  lim 5"—3\}

X734 x*+5x+7
3) lim (.Iz(x2 4))
4 lim (2 +nx )

Solution

1) lim (3% +1)=3(2)+1=23(4) +1=13.

3

3 3

BUSINESS MATHEMATICS

6 _ 6_

2) lim Lf

X = = =
w3 dx2+5x+7) (3)2+5(3)+7 9 15+7 1

3) |igne(,|2(x2 4)): Jo6? 4= J236 4) = J2(32) = 68 =8.

4 lim (C+nx DI=(2+)(1 D=@A+D( 1 D=2 2= 4

Example 2

Find the limit as x [] to zero o the following:

1 x* 1
' x? +1
(x 1° 3x+1

2. "
., (2’ 8

X
. 1 x)° 1
' X
5 I§+2x 3
' X
Solution

1. Iimr\fx4 1|)=\f0 1)

X0

ix?+1), {0+1
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Alternatively, it could be solve analytically:

fimf X D) i P @)l (8 DG +1)\|=Iim(x2 D=0 1-

xu%[{xz +1|} xLO({ X2 +1 |) xJO({ X2+1 | X0
3 3
2. imPCDS B KO DT 30 A1) 110 gefine
X

XHOQ 2 |) Q 0 ) 0 0

4Iime(X 1):2 3x +1\|

[x® 3x*+3x 1 3x+1\_"m|_x3 3x2|\
paal) ) 0[ B

i < JTR T )

X

A

x*(x 3
X

X

AT A

:Ii‘r{)\ }:Ixirg\(x =0 3= 3

3. |imF(X+2)3 8):[((0+2)3 8)20
]

xuo% X ) 0 ) 6
4"m(L(x+2)3 8\|="m&4x3 6x° +12x +8 8\|
X X
XWOJ ) XHOQ )
=|imFM\I=|im(x2 6x +12) ={0 6(0) +12} =12
X[10 X ) X0

4. mb@ 0 1) L@ 0 8] 0
X0 X ) % 0 ) 0
simt@ 07 1 pl 2xex’ 1

X X
XTOQ b XWOQ )
Cimf X% 2 im(x 220 2= 2

XTO% X ) X0
3.3 Limits at Infinity

Consider the function f(x) = Zixas X

[] Whenx =0, ® —
O Whenx =1, ®
107
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O Whenx =2, ® i=l=0.25
22 4

N Whenx =3, ® 2—13=81=0.125

N Whenx =4, ® i=i:0.0625
2* 16

N When x =5, ® i = i =0.03125
2° 32

0 When x =10, ® ilo 1 0.0009766
27 1024

We can see from above that as x tends to infinity, f(x) is getting to zero.
1) 1 1

I S
Jr 2 P

Because 2 =

41lim

Example 1

o 6X )
Find lembm)

To evaluate this, divide by the highest power of x, the numerator and
denominator respectively, then carry out the limit operation.

Solution
iim =% <) #(6“ i #(6 \'|
Im 71— =im = 1m
Che e
[ | F (
Ix x)J ¢ x/
AP NN
- Ll =L{((1+0) ||=6
1+J y )
Example 2
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3x* 4x 1
1. 2t -
5x° 3x+2
2. 7-2
X
3 5x* +4x® 2x*+6
' 2x  15x% +7x°
4 156x* +12x%+7
' 6x* +3x2
Solution
3x*  4x 1\|
4 4 L4 L4
L m £ A | XX x
©IBx* 3x+2) x  [5x 3L+27
i x* x* x“}
Ax 1) 4x 1 )
3 = 3 22 =
= lim LF—XS & || :L( X x ].300_3_
7__|_E| E_:3:2||00+00
X X3 X4) % 3 4)

[ 5x* +4x® 2x2+46)_
3. lim [ ™ lim = lim [X

4 2x 15% +7% ) x Xj2x15#

+ o
(7774'7\\(
Shim [—— =X X X' X
dEsrins =
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%15x4 +12x2 7

" |_(15x +12x +7W _X——4 X" x*
x,{ 6x +3x2 j 6x*  3x
x* xt )
Lf15+ l\ |‘[ 4* 7\
= lim x* |- X x*
f 6+ )’

5‘15+0+0J_15
6+0

3.4 Discrete and Continuous Variable

We shall consider the idea of limit and continuity to the concept of a
functiony = f(x).

Consider a function f(x); f(x)is said to be continuous at the point x = c if
the following holds:

1. f(x) existsasx[]c
2. If lim f(x) exists

lim (x) = f(c)

Example

Show that f(x) = =

2
S Is discontinuous at x = 5

Solution
2
lim X—25 :|im\fw lim(x+5)=5+5=10
X5 X 5 X 5{ (X 5) x5
2
But (5) = > 25:% undefined

Recall I|er;) f(x) =f(5)

4 f(x) is not continuous at x = 5.
Because = f (s) IirLr; f(x)
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3.4.1 Property of Continuity

If f(x) and g(x) are continuous at a point x = ¢, then:

L i)+ 9(x);

2. f(x). g(x) are continuous at x = c;
3. Also % guotient function is continuous at x = c,
g(x

provided g(x) #0 at x = c.

Example 1
— kx+3 forx<2

Given the function H(x) =

— 3> -x+3 forx>2

Find the values of ,k“ for which H(x) is continuous for all real values of
K.

Solution

(kx + 3), (3x* — x + 3) are polynomials, then H(x) is continuous every
where except at x = 2.

4lim H(x) = kx+3=2k +3
4Iirxqz>|<) E3x? x+3=3(2)° 2+3=13
Ixirp|x)| exists if and only if lim H(x) = lim ]
®2k+3=13®2k=13-3®2k=10® k=5

4 H(x) is continuous at x = 2 if k = 5.
Example 2

OFN pig farms bid for the production and supply of 550kg piglet to
U.A.C Nigeria Limited as follows:

The fixed cost of producing the first 50 piglets is N25,000.00 and the
variable cost, each is N500.00.
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However, the variable cost per piglet of producing the next 50 piglets is
N250.00 with a fixed cost of N30,000.00, while the variable cost per
piglet for producing between 100 and 200 piglets issN 20.00 with a fixed
cost of &35,000.00.

If a provision of N5,000.00 is made fro casualties and other necessities,
find:

I. A functional model that describes the cost of producing the
piglets;

. The points of discontinuity of the cost function; and

iii.  The average cost of producing 50, 100 and 200 copies
respectively.

Solution

You will recall that the fixed cost is the cost that does not vary with the
level of production.

Now, let y be the number of the piglets to be produced and supplied.
The cost of producing / supply of the first 50 piglets is:

300Y 4 25,000 ....uininee e (1)

The cost of producing / supply of the next 50 piglets is:

250Y + 30,000 ... ..o )

The cost of producing between 100 and 200 piglets is:
120y + 35,000 ...enitin e (3)

— 300y + 25,000 for08y850

f(xy) = 250y + 30,000 for 50 & y & 100

120y + 35,000 for 100 6 y 6 200

Therefore, the points of discontinuity are 50 and 100, since the points
break the domain of the C(y) into three (3) intervals.

Thus (i):

0 lim C(y) =#300(50)-+#25,000 =#40,000
y
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0 lim C(y) =#2500(50)+#30,000 =#42,500
yi!

lim C(y) =#250(L00)-+#30,000 =#55,000

yi!

0 lim C(y) =#120(100)+#35,000 =#47,000
y

Note that lim C(y) lim C(y), also lim C(y) lim C(y),
y50 yL50" y100

y[ 100"

(i) Therefore, the function is discontinuous at y = 50 and y = 100.

Total Cost
Number of Piglets

(i) Average cost =

O Average cost of producing 50 piglets
_ Total Cost of producing 50 piglets
50
_ 300(50) + 25,000 N 40,000

50 50
= N800

O Average cost of producing 100 piglets
_ Total Cost of producing 100 piglets
100
_ 250(100) + 30,000 N 55,000

100 100
= M550

N Average cost of producing 50 piglets
_ Total Cost of producing 200 piglets
- 200
_120(200) + 35,000 N 59,000
200 200
= N295

4.0 CONCLUSION

In conclusion, all polynomial functions are continuous, as are all
rational functions, except where undefined, i.e. where their
denominators are zero. Consequently, for any function to be
continuous, the limit must exist.
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5.0 SUMMARY

We discussed about limit, if the functional values f(x) of a function f
draws closer to one and only one finite real number L for values of x as
x draws closer to a from both sides, but does not equal a, L is defined as
the limit of f(x) as x approaches a is written

limf(x)=L

Xla
Furthermore, we discussed continuity. A continuous function is one which has
no breaks in its curve. It can be drawn without lifting the pencil from the
paper. A function is continuous at x = a if the three properties mentioned

above exists.
Practical examples related to business were illustrated.

6.0 TUTOR-MARKED ASSIGNMENT
Evaluate the following limits:

1) lim (5% - 21)

. X+7 )
2w

3 lim (.|2(x2 17))

4 lim {x* 1]

Evaluate the limitas x'1  of the following functions:

3x®  4x® x+1
5x*  3x+2

5x’ +4x® 2x*> +6
2x  15x" +7x°

X2

3. Show that f(x) = ! is discontinuous at x =9

7.0 REFERENCES/FURTHER READINGS

1) Pure Mathematics for Advanced Level By B.D Bunday H
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Differentiation could be said to be the inverse of integration .this shall
be seen as we continue in this section.

2.0 OBJECTIVES

At the end of this unit, you should be able to:

1 set out the principles of differentiation and integration

1 explain their application to practical and business situations
respectively.

3.0 MAINCONTENT
3.1 Definition of Differentiation
(f(x+ x) f(x)

L )
xo< X )

respect to x.

lim I If it exists, is called the derivative of f with

We shall denote Iim0

5‘f(x+ XX) f(X)\byfz (x) called f prime of x.

)

Therefore, the process of finding f2 (x) is called differentiation.

™
It should be noted that lim Y =f2 (x).
X0 TMX
Example

Find f2 (x) for the following functions from the first principle.

1. fx)=x
2. fx)=x
Solution
1. f(x)=x2
£ () lim Lff(x+ X) f(x)\
x10 4 X )

4F(x+ X)=(x+ X)2=x2+2x X+ X  F(x)=x°
F(x+ x) FO)=x24+2Xx X+ X X2 =2X X+ X
- -2 L - —2
412 (x) lim QXX_*": im -2 X A= gim 2x+ x)
xiOJ X J X0 Q X X I x1I0
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= 2x+0=2x
2. fx)=x
2 (9 Lff(x+ X) f(x)\
lim
of  x )

AF(x+ X)=(x+ ¥*=x+3x X + X F(x)=x°

fx+ x) F)=x3+3x% X+3x X + X xX*=3 X+3X X + X
2 = —2 —3 , = —2 —
42(x) lim Hﬁgx X+3X X + X 3x° x  3X |_§ Iim)_( . N
o | X J X0Xx X X

= lim (3 +3x X+ Xx')=3x* +0+0=3x?

Remarks

f(x)=x"® f'(x) = 2x
f(x)=x>® f'(x) =3x*
f(x)=x"® f'(x) =4x°

f(x)=ax" ® f'(x) = anx"

This is called the power rule of differentiation.

3.2  Techniques of Differentiation
N Power Rule

Let f(x) = ax", where a, and n are constants.
412 (x) = anx™*

Example
If f(x) = 5x*,
Then f2 (x) =— =5(4) x** = 20x°
™
y
TMX
O Sum of Functions

FO) =y =v(x) 2u(x)
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209=— =y U0

— TMX
TMX TMX

Example 1

If y=3x®>+4x* 5x+3

TMy ™ ™ ™
4 L =—3x"+—4x> — 5x+— 3
™
TMX TMX TMX TMX
TMX
=36)x> ' +4(2)x** 5M)x'*t +0
=15x* +8x 5

Note that the derivative of a constant is equal to zero.

Example 2

If y=c, where cis aconstant

. TMy
To find - ,® y =cx°
TMX

™y 01
T—MX= c(0)x”* =0

Example 3

If y=32® y=32x°
™

4 Y —3200)x° 1 =0
TMX

Product Rule

Suppose that u(x) and v(x) are differentiable functions of x.

4y(x) = v(x)u(x)
™y T

M TMu TMV
4 T T )gvu) = v(x)—TMX+ u(x)—TMX

Example
Find the derivative of the following:

i. X} +2)(x* 1)
i, Ix(x+1)
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Solution

If y=03+2)(x* 1.

TMV

™
Letu=(x*+2)® —u:?,xz,v:w(x2 1) ® — =2x
™X
TMX

4TMy B ™ ® TMV TMu B 3 2 2 ) 1 3 )
e mx(uv) u(x)—TM;rv(x)—TMX_ (X°+2).2x +(x°  1).3x

=2x* +4x +3x* 3x? =5x* 3x% +4x

Alternatively, we can expand the function and use the rule of sum i.e.

y=0¢+2)(x*
=x}(x* D+2(x> D=x> xX*+2x> 2

TMy ™ ™
4 L= x5 —x¥ +—2x? —2=5x* 3x°+4 0
™ ™
TMX TMX TMX TMX TMX
=5x* 3x?’+4
If y=Ix(x+2)
™ 1 ™
Letu= Ix® —uzix2 :—1,v:(x+1)® V1
L 2 X
TMX
T ™ T™ ™
y_ ™ My u 1
4 5= T W) @ u(x) TMX+v(x)—TMX_I_x.(1).+(x +1)T )

B (x+1) 2x+(x+1) 3x+1
= b 2Ix  2Ix 2k

Quotient Rule

Suppose that u and v are differentiable functions of x such that.

_ U, T
y(X) = V) Where v(x) 0

TMu TMV
iy VXTW U(X)ﬁx
X [v()I*
Example 1

Find the derivative of the following
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1 3x% +2x
' X3 2x?
x° +27
(x+3)
Solution
3x% +2x
1. fy=——
Y x?®  2x?
™y ™y
Let u=3x>+2x® — =6x+2,v=x® 2x* ® — =3x* 4x
TMy TMy
™ [(x® 2x%).(6x+2)] [3x*+2x).(3x* 4x)}
TMX [X3 2X2]2

X' 4P +8x® X’[3x2+4x 8] [3x*+4x 8]

[X3 2X2]2 o X2[X2 2X2]2 - [XZ ZXZ]Z
) ,fy:M
(X+3)

™ ™
Letu=( 27)+2Xx® — =3x2,v=(x+3) ® — =1
TMX TMX

A (x+3).3xF (X 27).) _ 3x°+9x* x°*+27

™Y [x+ [x+3)°
3)°

X3+ 9x% 427
X% +6x+9

Functions of a Function

Consider the functions:

1. y=(x* 1)°
2. y=(x* 3x+2)"

™
Find =
TMX

Solution

1. If y=(x* 1)°
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Letu=x> 1® — =3x°
TMX
™

a2 Y

4y=u*, T 2u
TM TM ™

4 Y- Y U ou3x? —6xiu

TMX TMu

TMX

Now, substitute u:
® 6x2(x° 1)

2. If y=(x* 3x+2)*
™

Letu=x? 3x+2X® — =2x 3
TMX

™
4y =u, Y _ 400
TMu

T ™ ™

4T MU aouox 3)=a02x 3)(xP x4+
39
TMX TMu TMX

3.2.1 Differentiation of Trigonometric Functions
Find the derivative of the following functions:

I. sin x

il COS X

.  tanx

Solution

I. If y =sinxthen g—y =C0S X

X

i. If y=cos x, thenﬂ=sin X

ox

ii. If y=tanx,®y _Sinx (using Quotient rule).
CoS X

™ ™

COSX— SINX SINX— COSX . .
™y Ty Thy _cosxcosx  sinx( sinx)

Y [cosx]’ [cosx]?
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=1+ tan® =sec? x

cos® x+sin®x cos®x sin?x
= 2 = PRV 2
cos? x cos® x  cos® x

Example

™
Find — of the function y = cos ecx
TMX

Solution

1
y=C0SeCcX =———
sin X

TMu . TMV
Letu=1® — =0,v=sinXx® — =C0S X
TMX TMX
4TMy _sinx,(0) (1),cosx 0 cosx  cosx 1
™Y [sin x]? sin? x sinx sinx
= cot anx.cos ecx

3.2.2 Differentiation of Inverse Trigonometry Function

The inverse trigonometry function can be differentiated by using the
basic trigonometry function and differentiating it term be term.

Example

™y

If y=sin * x, meaning arc sin x. Find —
X

Solution

y=sin' x®siny=x
W e y__1
™Y ™x  cos

y

Now write cos y in terms of siny

4sin2x +cos’ x=1® cos’x =1 sin>x®cosx= M sin®x
L S S

™X  cosy I|1 sin®y L x2

4cos y

SELF ASSESSMENT EXERCISE

Tryy = cos™x in the same way
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3.2.3 Differentiation of Exponential Functions

If given thaty = ¢*, i.e. exponential function of x, then

But, if y = /%, where ,,a“ is a constant

™ T
Letu:ax,—y a:theny:ﬁ“,lyzﬁu
T TMX

MX -
Applying functions of a function:
™ T™ ™
Y Y Yo acar —ar

TMy - ™Y My

Example
3 . ™
Ify = find
X
Solution
™ ™
Let u=5x%, — =15x2;then y = ¢*,— = ¢"
TMX TMX
™ ™ s
mh ) =0.15%" =15x" 0

TMX_ TNy TMy

3.2.4 Differentiation of Logarithmic Functions

Suppose
y =log x
Taking the derivatives of both sides
dy_1
dx  x
Suppose
y = log x*
dy_2x_2
dx x? X
Example

Find the derivative of the function log, x*
Solution

Let y=log, x*
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Letu=x"® d_ 4x*;then y=log u® @ _1
dx dx u
dy dy du 1, , 4x° 4x°
= — —= A4 = — =—
dx du dx u X u x*

3.3  Definition of Integration
Integration is the inverse process of differentiation.

If f (X) is a differentiable function of x such that %[f (X)] = 9(x)
X
Then f (x) is called the integral of g (x) with respect to x.

Then, 4 df (x) = 3 g(x)dx.
® f(x) = 3-9(x)dx, Where g(x) is called the integrand

Example

1. if L3 3¢ @ = Bx’dx
dx

2. if L3 —ox@x? = -xdx
dx

Therefore in general:

i(au“) =anx" ' ® ax" = Janx" dx
d —4a
X

3.3.1 Properties of Integration

1) +[F(X) £ g(x) £h(x)]dx = 1 f(x)dx £ 1 g(x)dx + _h(x)dx.
Where f(x),g(x) and h(x) are differentiable of x.

2) If c is a constant or a real number
44 cf (x)dx =c f(x)dx
However, an arbitrary constant can always be added to the result.

Hence, 4-cf (x)dx = g(x) +¢
This is known as the indefinite integral of f(x).

Example 1

Find the integral of the following:
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a) 4+ (2x* +3x* +5x)dx

b) 4 2x"dx

Solution

a) _|_(2x4 +3x% +5x)dx = 4+ 2x*dx + 4 3x*dx + 4 5xdx
2x°  3x°  5x° 2

— 2 5 5
= +—+ +C==X+-X"+cC
5 3 2 5 2

5
b) _|_2x4dx:2_|_x4dx:2?x +c§x5+c

Example 2
) | 3x°
;f + (X)dx =log f (x) +c,find theintergal of -|-—X dx
|
f(x) X
Solution

Recall that ix3 = 3x?
dx

4 f(x)=x>, f2(x) =3x

™
3

e, &
+ X =+ - dx:lnkshc

Also, _|_l dx=Inx+1Inc=1nxc
X

3.3.2 Integration of Functions of a Function

To find the integral of | (ax +b)"dx

Letu:(ax+b)®di:a®dx:du—
dx a
du 1 1u™
4 +b)"dx= ul —= =u"du= ———c
_@ax ) 4 a a an+l

Example
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Evaluate 4 (3x +2)°dx

Solution

Let u=(Bx+2)® dl:3®dxz du_
dx 3
s du 1 lu® ]

44 (3x+3)°dx=4u |—|+c:—1(3x+2)6+c

3 36| 18

3.3.3 Integration as Summation

To find the area between the curve y = f(x)and the x-axis, we first find
indefinite integral  f (x)dx.

We then substitute x = b and x = a respectively in the definite integral
and subtract the result.

The notation adopted for this definite integral is written as: _,.:Zb f (x)dx.

=a

If frxb f(x)dx = g(xbb =g(b) g(a)

=a

Example

Evaluate the following integral:

3 3

1. _|_2 dx

2. J{x+nG  Dlx

Solution
4 3
1L 2] et @4=Ler 16]=1fes]= 2 unit
T 4 4 4 4 4

2

2. _P({><+1)(x2 1) dx
:_; {x(x2 1) +1(x* 1)}dx:13_|_ (x* x+x* 1dx

o oy NESNE I
_J_fx +X° X Ddx= 1 + 3 3 {
| 3¢ 3 2 127
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(81,27 9 3]l 11 1

4T3 2 123 2 1]

1

_lery @y @1 @+nl (80,26 8 ]

4 3 2 1 4 3 2

J

= [20 6+8.667]=[22.667] Unit.

3.4 Application of Integration to a Business Problem

The management of LASU is considering the purchase of one of the
three annexes of hers in three years time when funds become available.
Their mathematician has analyzed each concern®s financial position and
calculates that the expressions for net profit over the next ten year for
the institutions are as follows:

Lety = Net profit (N“000).
X = Year in question from 1 — 10.
a) Anthony campus, y =20+12x x°.
b) Jibowu campus, y = @HGX 1.
X

C) Isolo campus, y = 6x + 30.

Calculate the total net profit that each firm should make from the end of
the third year to the end of the tenth of forecasts.

Solution
10 X3—|10
a) _I_(20 +12x xz)dx=f |20x  6x* —|
[] 2 Jz
=(200 +600 333) (60+54 9)
=467 105
=362.
19 120 \ | 120 2 —FO
-[j— { x? ) X J'
b) [— +16x 1lldx= — +8x X

3

=( 12+800 10) ( 40+72 3)
=778 29
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=749.

4Total net profit for Jibowu campus is N749,000.
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10

©) - (6x+30)dx= [3x +30

=(300 +300) (27 +90)

=600 17
=483.
4Total net profit for Isolo campus is N483,000.

40 CONCLUSION
As in summary

5.0 SUMMARY
Basic rules of differentiation was discussed, the rules were applied to
their sums and differences, products, quotients and function of

functions. Basic rule of integration and its application to business was
also discussed.

6.0 TUTOR-MARKED ASSIGNMENT

Find the following integral:

1 i. 4+ (x* +5x+ 2)dx i + (x+2)°
dx
i, e dx -
@ (x4
dx
X)
6)x2 +3| 1 5
2 I -IE.[{ 2 ; )
f X ii. 4 (2x+5) dx
iii. _|i @x+D(x Ddx iv. 3;F1+931}de
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1.0 INTRODUCTION
This section introduces us to further application of differentiation.
2.0 OBJECTIVES

At the end of this unit, you should be able to:
1 apply the principles of differentiation,
1 explain their application in practical problems.

3.0 MAINCONTENT
3.1 Stationary Points

These are point on the curve at which 3—y=0, and the value of the
X
function at this point is called the stationary value. They are also called

turning points.

3.2 How to Find Stationary Points

I Differentiate the function once;
i, Equate the derivate to zero, and lastly;
iii. Solve for the unknown.

Example 1
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Find the stationary points of the function y=x* 12x+15

Solution
Differentiate the function

dy

BUSINESS MATHEMATICS

dy =3x* 12.
dx

To equate —Z to zero, we have 3x?* 12 =0.

dx

®x* 4=0,®(x 2(x+2)=0.

®x=20rx= 2

4 The stationary points are 2 and -2

Try this in the same way:

Example 2

Find the stationary points of the function 4x® +15x* +15x + 7.

Solution

y =4x° +15x* +15x + 7.

dy =12x% +30+18.
dx

At turning point: dy _ 0,
dx

w12x% +30x +18 =0 ® 2x* +5x +3=0® (2x + 2)(x +1) = 0.

® X = ?iorx: 1
2

4 The turning points are

Y

0

3—or 1or-1.
2

Turning Point

<+—Turning Point

3.3 Natune of Turning Points
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Turning points can be maximum or minimum.The point can be
determined by:

Find the second derivative of the function; and
Find the value of each of the turning point in the second
derivative.

Remark

3.4

If the value of turning point in the second derivative is negative,
then it is a maximum point:
TM2y

4 <0

TMX2

If the value of turning point in the second derivative is positive,
then it is a minimum point:
TM2y

4 >0

Y

TMX2

Minimum Point

Maximum and Minimum Value

The value of the original function y = f(x) at the maximum point is the
maximum value of the function, while the value of the function at the
minimum point gives the minimum value.

Example 3

Find the maximum and minimum value of the following:

1. y=x> 2x* 4x+7
2. y=4x> 27x* +60+15
Solution
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1. y=x> 2x* 4x+7

Y 302 4y 4
dx

At turning point:

Y _o@ax 4x 4=0® (x 2)(x+2§)=o,
dx

®X=20rXx= 2—
3

The turning points are 2 or % :

<

To find the nature of the turning point, the second derivatives i.e. ?sz
dy 2
= X® 4x 4),
dx (dx) x( )

2
d Z:6x 4,
dx

2
Putx = 2 into 2y
dx

2
4 ‘; Y_6x 4®6(2) 4=8.
X

Also, put x = 2 mtoOI Y
3’ dx?
d ¥y 2
4 =6X 4®6 4=8.
dx? ( %
Remark

At second derivative, 8> -8,
At turning point 2, the function is maximum.

At turning point 52 the function is minimum.

Turning Points ™2y [ Conclusion

Value at —,
TMX
8 Maximum
-8 Minimum

w|n |

SELF ASSESSMENT EXERCISE
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Try the second example in the same way.

3.5 Point of Inflexion

This is the point at which the curve is neither a maximum nor a
minimum value. At point of inflexion, the turning points are equal (a
double stationary point).

At point of inflexion, the value of the stationary point at the second
derivative is zero(0).

Example 4

Find the maximum and minimum value of the function
y = X° +6x* +12x +15.

Solution

y = x> +6x° +12x +15.

ay =3x% +12x +12

dx

At turning point:
ﬂ:o,® 3x* +12x+12=0® x* +4x+4=0

dx

®(X+2)°*=0® (x+2)(x+2)=0
® x= 2 (twice)
Then,

2
d { =6X+12,
dx
2
Substitute x = -2, into ‘;XZ
Since the points (-2, -2)
2
and d y( 2) =0 (twice).

dx?

This shows that it is a point of inflexion

SELF ASSESSMENT EXERCISE
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Find the maximum and minimum of the function y =4x*® 6x* +3x+14.

In Summary
Y Maximum Point
dy d2y
—>0
dx g dx? <0
0 X
Y
d’y
ﬂ >0 dx? >0
dx
Minimum Point
0 X
. i . dy
But at point of inflexion, i are same.
X
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Y
+ veﬂ d
dx + ved—y
X
0 X
Y
™
ve TM_y
X
™
Ve—y
_ TMX
0 X

3.6  Applications of Maxima and Minima to Business

Given a differentiable function f(x), the function is said to be
differentiable at x = a, where a is the critical value obtained from f(x) =
0.

A function f(x) is said to have a relative maximum value at x = a if f(a)

Is greater than immediately preceding and succeeding in values of the
function.
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The function f(x) is said to have a relative minimum value at x = a if f(a)
iIs smaller than immediately preceding and succeeding values of the
function.

These definitions would be applied to areas in Business as could be seen
in the following examples.

Example 5

The total cost of producing x set of shoes is NLglz% +35x + zs)and the

price set at which they may be sold is NESO —; x}l.
a) What should be the daily output to obtain a maximum total

profit?
b) Show that the cost of producing a set is a relative minimum.

Solution
a) Profit on sales is p = xfso Elx) \114)(2 + 35X + 24\j|
4% 15 3%
dx 2
When d—p=0®15 31:0.
dx 2

Critical value is x = 10.
Production to give maximum profit is 10 set per day.

%‘1 x*35X + 25
b) Cost of producingasetc =N 4

e
Ry

4d_:1_ 23
dx 4 x
When
h_ogl B_g
dx 4 X

® x =10, a minimum.

Example 6
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The cost of fuel in running a generator is proportional to the square of
the speed and is N25 per hour for a speed of 40kmh™.  Other costs

amount to &100 per hour regardless of the speed. Find the speed which
will make the cost per kilometer a minimum.

Solution

Let w be the required speed.
c be the total cost per kilometer

Fuel cost per hour is kw2, where k is a constant.
w= 40kmh™.
kw? = 1600k =25.

k=L
64

W2

——+100
_ _cost _ 64

- speed W

de_ 1 100
dw 64 w? '

® dc _(w 80)(W+80);W>0.

dw 64W2
Hence, w = 80.

The most economical speed is 50km per hour.

40 CONCLUSION
As in the summary.

50 SUMMARY
dy

1) Stationary points are where P 0.
X

1) Maximum and Minimum points
2
Maximum OI—y=0and dy _
dx dx?

0 is negative and

2
Minimum % =0and d—Z =0is positive.
X X
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iii) Its application to business was also discussed.

6.0 TUTOR-MARKED ASSIGNMENT

Find the maximum and minimum points and the value of y at the turning
point:

1.
2.

3.

(i) y=2x>+3x* 36x (i) y=x* 3x*+3x+2

The sum of the base radius and height of a right circular cone is
to be 6metres, find the greatest possible volume of the cone.

The sum of two numbers is 16. Find their maximum product.

The total surface area S of a cone of base radius r and

perpendicular height h is given by S =nr?+nrJ (r?+h?). If r an

dh each increases at the rate of 0.25cm/sec., find the rate at which
S is increasing at the instant which x = 3cm and h = 4cm.

A square sheet of metal has sides of length 8cm. Each square
piece is removed from each corner and the remaining piece is
bent into the form of an open box. Find the maximum volume of
the box.

7.0 REFERENCES/FURTHER READINGS

1) Pure Mathematics for Advanced Level By B.D Bunday H
Mulholland 1970.

2)Introduction to Mathematical Economics By Edward T.
Dowling.

3)Mathematics and Quantitative Methods for Business and
Economics.By Stephen P. Shao. 1976.

4) Mathematics for Commerce & Economics By Qazi
Zameeruddin & V.K. Khanne  1995.

5) Engineering Mathematics By K. A Stroad.
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UNIT 5 LINEAR PROGRAMMING (INEQUALITIES

AND CONSTRAINTS)
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1.0 INTRODUCTION

BUSINESS MATHEMATICS

This is the mathematical techniques for finding the optimum mix of
products with limited resources. The resource limitations are represented
graphically by areas which when combined form a feasibility region.
The point on the feasibility region boundary that optimizes the objective
function (usually maximizing profit or minimizing costs) is found by
plotting an arbitrary value of the objective function on the graph and
moving it away from (for maximization) or towards (for minimization)
the origin until the last point of the feasibility region is obtained.

In order to apply linear programming, there must be as its title suggests
a linear relationship between the factors.

2.0

OBJECTIVES

At the end of this unit, you should be able to:
1 examine and identify the field of application of linear programming

no

oo kw

3.0

3.1

144

such as :

Mixing problems.

Limited capacity is allocated to products so as to yield maximum

profits.

Transportation problem.
Purchasing.

Production scheduling.

Job assignments problem, etc.

MAIN CONTENT

Method of Linear Programming
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Linear programming reduces the kind of problems outlined above to
“series of linear expressions” and then uses these expressions to
discover the best solution to achieve a given objective.

3.2  Stepin Linear Programming

Step 1: Define the constraints (i.e. the limitations that must be
placed on the variables.

Step 2: Graph the constraints.

Step 3: Define the objective function.

Step 4: Manipulate the objective function to find the optimum

feasible solution.
Linear programming is best illustrated by means of an example:
Example 1 (Graphical Method)

Bolat Properties Nigeria Limited took the construction of chalets and
roads in AJIBOLA ESTATE, LEKKI. Each chalets and road
constructed passes through material-purchases process and constructing
or assembling process. One chalet which makes a contribution of=50T,
takes six hours material purchasing time, and four hours construction or
assemblage time.

While one road makes a contribution of N40T, takes three hours
material purchasing time and eight hours construction time. There is a
maximum of thirty-six purchasing of materials hours available each
week and forty-eight construction hours respectively.

Let x be the number of chalets constructed each week.
y be the number of roads constructed each week.

If 1 chalet requires 6 hours for material purchase,

Then, x chalets requires 8x hours for material purchase.
If a road requires 3 hours for material purchase,

Then'y roads require 3y hours for material purchase.
Hence, total time to purchase materials is (6x + 3y) hours.

Similarly, the total time required to construct x chalets and y roads is (4x

+ 8y) hours.

Step 1: Define the Constraints.
The constraints are the amount of time available for material purchases
and construction.
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The best way of setting out the constraints is to place the units available
on the left and those utilized on the right; the inequality sign is the link.

Constraints Available Utilized
Material purchased 36 > (6x + 3y)
Construction time 48 € (4x + 8y)

In addition, the logic constraints must be statedi.e 06 xand 09 y.

These simply states that there cannot be negative amounts of chalets and
roads. Hence, the constraints are:

i 6x+3y536.
ii.  4x+8y548.

Step 2: Graphical Constraints.

Thus, x and y are each set to zero in turn and value of y and x computed
in those circumstances.

For the equation: 6x + 3y = 36.

When x:O,y:%:lZ.

When y:O,x:s—::a

For the equation: 4x + 8y = 48.

When x:O,y:§:6.

When y:O,x=4Tf=12.

It is then necessary to decide which side of the equality represents the
feasible solution space. Where the constraint is of the formax + by 6 c,
as in both of the above cases, the values of x and y can lie anywhere on
the line or below it.

If the constraints is of the formax + by ¢ ¢, x and y can only lie on the
line or above it.

This is the above example, x and y must be on or below the line
6x +3y = 36and on or above the line4x + 8y = 48; they must also be 0.
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I.e. Not below the x-axis and not to the left of the y-axis. The
constraints can now be represented graphically:

A
y
12
11
10
6x + 3y = 36
9
8
7
6 P
5
4 Q
4x + 8y = 48
3
2
1 R
|

I
1 2 3 456 7 8 91011 12

The area OPQR which is shaded represents the feasible solutions i.e.
Combinations of the two products which are achievable given the
constraints. The problem is to find the optimum solution.

Step 3: Define the Objective Function

The objective is to maximize contribution C, given by: ¢ =50x + 40y

Step 4: Manipulate the Objective (Function)

There are two approaches to this final step:

a) By inspection, it is cleat that the maximum contribution will lie
on one of the corners; P, Q, R-! be optimal solution can be
leached simply by calculating the Contribution at each; or

b) By drawing an Iso-contribution fine, which is a line where a point

represents an equal contribution.  This is the recommended
approach particularly for more complex problems.
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3.3 Slack

Slack is the amount by which a resource is under utilized. It will occur
when the “optimum point does not full the given resource line. In the
above example, the optimum point Q lies on both the material purchase
and construction time lines; therefore, both resources are fully utilized.

This can be checked from the constraint inequalities by solving the two
simultaneous equations for the two constraints boundaries.

Point Q is the intersection of the lines.

X (2) — 2 x (1) gives:
18y =172
72
=—=4
y 18

Substituting y into (1) gives:

® 6X + 3(4) =36.

® 6x = 36 — 12=24.
X=24/6 =4
X=y=4

Thus, the maximum contribution is obtained when four chalets and four
roads per week are constructed.

The maximum contribution is:

C =50x + 40y,

® C =50(4) +40(4),
® C =200 + 160.

® C = N360T.

From the constraint inequalities, X =y =4,
Material purchasing time available: = 36.
Utilized = 6x + 3y = 6(4) + 3(4) =24 + 12 = 36.

Construction time available: equals 48,

(Utilized = 4x + 8y = 4(4) + 8(4) = 16 + 32 = 48.
Hence, all available time in both department is Utilized.
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If, however, the optimum had been at P(x = 0, y = 6), then because P
does not lie on the material purchase time line, there would be slack
material purchasing time.

Material purchasing time utilized = 6x+3y =(6x0) + (3x 6) =18;

Slack = 36 — 18 = 18 hours

Slack is important because unused resources can be put to another use
e.g. hired out to another construction company?

Example 2

U. A. C Nigeria Limited manufactures and sells Gala and Nourish bread
represented as G and N. Each product is processed in two departments;
Food & beverages and packaging. Each unit of product G requires 30
minutes in the Food & be department and 10 minutes in the packaging
department. The corresponding times for product N are 10 minutes and
20 minutes respectively.  Each day, 900 minutes are available in the
food/beverages department and 700 minutes are available in the
packaging department.

The sales manager wishes to have a daily output of at least 40 products
irrespectively of whether they are Gala and Nourish bread are N32 and
N40 respectively.

U. A. C Nigeria Limited wishes to know the output levels in each of the
following situations:

I To maximize sales revenue;

i, To minimize manufacturing cost;

lii.  To maximize profit.

a) Formulates a linear programming problem.

b) Represent graphically and shade the feasible region.

c) Obtain the output levels in each of the situations (i), (ii) and (iii)
above.

Solution

a) Let the recommended output levels of Gala and Nourish by g and
n respectively.

The constraints equations are:

30g + 10n 6 900 minutes (Food and beverages department).
10g + 20n & 700 minutes (Packaging department).

g + n>40 units (Minimum daily output).

g, n>0 (Non-negatively).

el A
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The objectives functions are:

I. Maximize 40g + 60n.
ii. Minimize 32g + 40n.
iii.  Maximize 8g + 20n.

b) To plot the graph of the feasible region.

A

100
90 30g + 10n = 100

80
70
60

50 Feasible region

40
% P/' 10g + 20n =700
20 A gram=

10 C g+n=40

0 | X
10 20 30 40 50 60 70

A 4

Corner points | Revenue | Cost | Contribution
(9, n) (M) (M)

A(10,30) 2,200 1,520 |680

B(22, 24) 2,320 1,696 |624

C(25, 15) 1,900 1,400 |500

All these are generated from the graph above.

Revenue contribution = (Selling — cost) price per unit of the product.

C) The optimal output levels are:

I. To maximize sales revenue: 22 units of Gala and 24 units of
Nourish bread (Maximize revenue = &2,320).

ii. To minimize manufacturing sot: 25 units Gala and 15 units
Nourish bread (minimize cost = #1,400).
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lii.  To maximize contribution (profit): 10 units of Gala and 30 units
of Nourish bread (Maximize contribution = N680).

4.0 CONCLUSION

In conclusion, the basic rule of linear programming have been
discussed .

5.0 SUMMARY

From the conclusion, it is important that the student is able to apply
the formulae to a practical problem as we have shown in examples
1 and 2 in this section.

6.0 TUTOR-MARKED ASSIGNMENT

In each of the following linear inequalities, describe and graph the
feasible region.

1. 3x T7ye 28
X+yeb
9x 2y 536
X 6yo48

2. 3x 4yd5
X yo 8

3. Minimize f=x+y subject to xe0,ye0and
X+2y502x+yd510,y04.

4. A company manufacturers and sells two models of lamps; L; and
L,, the profit being N15 and N10 respectively.  The process
involves two workers w; and w who are available for this kind of
work 100 and 80 hours per month respectively. W, assembles L,
in 20 minutes and L, in 30 minutes. W, assembles L; in 20
minutes and L, in 10 minutes. Assuming that all lamps made can
be sold without difficulty, determine production figures that
maximize the profit.

5. Maximize the daily profit in manufacturing two alloys A;, A, that
are: different mixtures of two metals m;, m, as shown below:

Proportion of Metal
Metal | Alloy | Alloy | Daily supply
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A A, (tons)
m; 0.5 0.25 10
m, 0.5 0.75 15
Net profit 30 25 -
(™ per ton)
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